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Introduction

What is the swarming?

“Swarming” is a collective behavior exhibits by agents of similar size and body
type moving in a coordinated way.

e Describing collective behaviours in nature; insects(ants, bees, ...), fishes,

birds, micro-organisms(myxo-bacteria).

e Industry; formation controls of robots, unmanned aerial vehicles, etc.

e 3 interaction regions:

>
> >
>

Repulsion Alignment Attraction
region region region
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Introduction

Ist order aggregation equations: motivation

Consider the Newton's equations with very small variations of the velocity and
speed?:

d?z; dml
G ta D VW (| - ag)) =
J#i
Then we can formally derive 1st order particle and its continuum equations:

m

p
= —|—d|v( u) =0
ZVW |zi—x;|) mean field limit(N — co0) = ot

J# u=—-VW % p-

dml

1Edelshtein-Keshet and Mogilner(1999)
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Mathematical tools: Wasserstein distance

Mathematical tools: Wasserstein distance

Definition 1. (Wasserstein p-distance)

Let p1, p2 be two Borel probability measures on R¢. Then the Euclidean Wasser-
stein distance of order 1 < p < 0o between p; and p» is defined as

. 1/p
dp(p1, p2) = inf (/ |z —y|” dy(z, y)) :
Y R4 xR2

where the transference plan « runs over the set of joint probability measures on
R% x R? with marginals p1 and p2 € P,(R%). For p = oo (this is the limiting
case, as p — 00),

deo(p1, p2) := inf ( sup |z — U) )

7\ (z,y)ESUpp(v)
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Mathematical tools: Wasserstein distance

Let p; be a Borel measure on R? and 7 : R? — R? be a measurable mapping.

Then the push-forward of p; by 7 is the measure ps defined by
p2(B) = pi(T"1(B)) for BCRY,

and denoted as p> = T #p1.

Remark 1
The definition of po = T#p1 is equivalent to

|

x) dpa(x / &(T (x)) dp1(x),

for all ¢ € Cb(Rd). Given a probability measure with bounded p-th moment
po, consider two measurable mappings X1, X : RY — Rd, then the following
inequality holds.

0P (X 14 po, Xattpo) < / o — ylPdr(z,y) = / X1 () — Xo(z) Pdpo ().
RA xR Rd

Here, we used as transference plan v = (X1 x X2)#po.
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Mean-field limit for the aggregation equation

Aggregation equation

This model consists of the continuity equation for the probability density of
individuals p(t,z) at position z € R? and time ¢ > 0 given by:

Op+ V- (pu) =0, t>0, z€R%
u(t,z) := =VW % p, t>0, xzeR% (1)
p(0,z) := p°(x), x € RY,

where u(t, z) is velocity field non-locally computed in terms of the density of

individuals.
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Mean-field limit for the aggregation equation

Approximation by particles

As an approximation by particles of the aggregation equations (1), we consider
the following ODE system:

= m VW (Xi(t) — X, (1)),
i (2)
X;(0) = X?, i=1,...,N.

Here, {X;}, and {m;}L, are the positions and weights of i-th particles,
respectively. We define the associated empirical distribution px () as

Zmléx ) Eml—/R (z)dx =1, 3)

with m; > 0,i=1,..., N. We set VIW(0) = 0 even if there is a singular at
the origin.
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Mean-field limit for the aggregation equation

A question on the mean-field limit

As long as two particles (or more) do not collide, un satisfies (1) in the sense
of distributions, i.e., un(t) and p(t) satisfy the same equation. In this

framework, the convergence:

uQ — p° weakly-x as measures = un(t) — p(t) weakly-+ as measures

for small time or for every time?”

is a natural question.
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Mean-field limit for the aggregation equation

Notations

e Quantities to estimate: d.o-distance between p(t) and uxn(t) and minimum
inter-particle distance:

n(t) = doo(pn (), p(1), 1 (t) :=  min (|Xi(t) = X;(0)),  (4)

1<iAj<N

with 7% := 1(0) and 12, := 7. (0).

e Functional space: Solutions of the aggregation equations (1) in
L>=(0,T; (L* N LP)(R?)) with 1 < p < 0o to be determined depending not he
singularity of the potential. We set

HpH(LlﬂLP) Rd) = el +llolls, ol == HPHLOC(O,T;(LlnLP)(Rd)):

where ||p||, denotes the L?(R%)-norm of p, 1 < p < co.
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Mean-field limit for the aggregation equation

Assumption on the potential function W (x)

In order to make sense of solutions to (1), we need the following assumptions
on the interaction potential: we first fix V11 (0) = 0 by definition, and

€ and D*W() <Y

2l = el

VW (z)| < Ve RN{0}, (5)

for 0 < a < d— 1. Note that due to the assumptions on W, we can always find
1 < p < oo such that (a4 1)p’ < d, and thus VIV belongs to W7 e (R).

We remark that our strategy does not take advantage of the repulsive or

attractive character of the potentials.
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Mean-field limit for the aggregation equation

Statement of the mean field limit

Theorem 1. (Mean field limit)

Suppose the kernel W satisfies (5), and let p be a solution to the system (1)
up to time 7' > 0, such that p € L>°(0,T; (L' N L?)(R%)) N ([0, T], P1(R%)),
with initial data p° € (P1 N LP)(RY), 0 < o < —1+d/p/, and 1 < p < .
Furthermore, we assume 1%, converges to p° for the distance do, as the number

of particles N goes to infinity, i.e.,
doo (i, p°) = 0 as N — oo,

and that the initial quantities n°, 79, satisfy

0\d/p’

Gy = O (6)
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Mean-field limit for the aggregation equation

Theorem 1. (Continued)

Then, for N large enough the particle system (2) is well-defined up to time T,
in the sense that there is no collision between particles before that time, and
moreover

un (t) = p(t) weakly-* as measures as N — oo, forall ¢ € [0,T].
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Mean-field limit for the aggregation equation

Strategy of the proof

@ In Step A, we estimate the growth of the do, Wasserstein distance
between the continuum and the discrete solutions 7 that involves 7 itself

and 7, in the form:

d d/p’ —(1+a
L < Cnllpl (147" 5a). (7)

@ In Step B, we estimate the decay of the minimum inter-particle distance

m, Which also involves the terms 7 and 7,, in the form:

d7/m d/p’ —(1+a
S > —Cmallell (140" 0. (8)

@ In Step C, under the assumption of the initial approximation (6), we
combine (7) and (8) to conclude the desired result.
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Mean-field limit for the aggregation equation

Step A: Estimate for growth of the d(t)

We first define the flows U, ¥ : R, x Ry x R — R? as solutions of

d
E(\If(tex)) =u(t; s, ¥(t; s, x)), ©)
U(s;s,z) =z,

for all s,t € [0,77], and

d is,2)) =un(t; s, Un(t; s, x
%(\PN(tv‘v )) I (tv ﬂlljx‘(tka ))7 (10)

Un(s;s,x) =z,
for all s,t € [0,T3"]. Here u(z,t) = —VW * p and un := —VW * un. We can
easily check that the flow map Ux (¢; s, x) solution to (10) is well-defined for
t,s € [0, Tg].
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Mean-field limit for the aggregation equation

Assumptions (5) imply that
2|z — y|

V(z) - VW(y)| < —2— 9
VW@ = VWIS el Ty

(11)

The estimate (11) implies that the velocity field is Lipschitz continuous with
respect to the spatial variable. Actually, one can estimate it as

lu(t,z) — u(t,y)| < /Jz;d VW (x —2) = VW (y — 2)|p(t, z) dz

1
<2z — t,z)d
> |17 7J| /R:d mln(|;r — Z|, ‘y — Z|)a+l P( aZ) z

1
<Afz - y|:‘:ﬂ§ /Rd mﬂ(ﬂz) dz.

Now, splitting the last integral into the near- and far-field sets
A:={z:|zr— 2| > 1} and B:=R"? — A and estimating the two terms, we

deduce

1 1 1/p’
/Rd Wp(t,z) dz < |lp(®)]l + </B Wdy) o)l
< Cllll, (12)

for all z € R? due to the assumption (1 + a)p’ < d.
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Mean-field limit for the aggregation equation

Fixed 0 < to < min(7, TON) and choose an optimal transport map for do
denoted by 7° between p(to) and pn(to); un(to) = T #p(to). Then
p(t) = W(t;to, - )#p(to) and obviously pun (t) = ¥ (¢;to, - )#un(to) for
t > to. We also notice that for t > to

T'#p(t) = un(t), where T'=Un(t;to,) o T o U(to;t,-).
It follows from the property of Wasserstein distance that
1(t) = doo (unv (1), p(t)) < ¥ (E;t0, ) = Un(tt0,-) 0 T oo
We notice that

D Wn(tt0, TO@) — Utst0,2)) | = un(to, TO(x)) — ulto, ).

dt

t=tg

We also find
d
éH‘I’N(t;to: Yo T = W(t;to, ')Hm‘t L < llun(to,) o T = ulto, -)|oo-

=tg
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Mean-field limit for the aggregation equation

We notice that
un (to, T° () — ul(to, x)

== [ YW@~ nduntto) + [ W= v)ato. iy

RA

—— [ (TWT @) = T°) - TW (e — ) plto,)dy.
R
For notational simplicity, we omit the time dependency on ¢y in the next few

computations. This yields

dtn ' , ,
T <Csp [ [WWTE) - TW) - VW - )y (13)

dt z€Rd JRA
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Mean-field limit for the aggregation equation

We decompose the integral on R? into the near- and the far-field parts as
A:={z:]z—z|>4n} and B:=R? — A as

LW Te - T =W alwdn= [ o [

= Il +IQ

For the estimate in the set .4, we use (11) and (12) to obtain

/ min( ‘I - -1, ‘;l(—’_)‘y TZ;/()|§B+1 p(y)dy < Cnllpl|.

For the second part Z3, we estimate separately each term using (5) to deduce

p(y) py)
I"’S/B \x—ywd“/s e W (15)

<™= 0" ol < CY7 400l -

Hence we have

dr
d

T/ < Cnllp|l (l + r]d/p 711/;1“) < Cnllpll <1 + nd/p r/;L(H”)) , Vt € [0, min(T, Té\r)

where we used 7,, < 2n.
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Mean-field limit for the aggregation equation

Step B: Estimate for decay of the 1, (t)

We choose two indices 7, j so that |X; — X;| = nm. Then we get

d
-1 Xi = X5 > —un (Xi) — un (X5)]

Y]

— [ I9WE =) = VW, = ) dun)

— [ I9WEE = Tw) = VW, = Tl o)y

where we used pn (t) = T#p(t), for each t € [0, min(T,T;")). Similar to
(14), we split in near- and far-field parts the domain R? as
A:={y:|X;—y|>2nand |X; —y| > 21} and B:=R? — A

In a similar fashion with the previous arguments, we find

dnm

gy > —Cnmllpl| (1 + nd/pln,f,,,(H“)) , Yt € [0, min(T, Tp")).
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Mean-field limit for the aggregation equation

Step C: Closing the argument

Until now, we have

d+'r [ a

W] < Cnllel (1 + P g >) :

J / (16)
Nm [ @

# > —Cnmllpll (1 + /P OF )> ,

for ¢ € [0, min(T,T3")). We set

This yields

d+f d/p’ —
< P (14a)
L < Clpll f (1+ens'g70),

dg a/p’  ~(1ta)
el N .
2> —Cllpllg (1+&xs g7 *+)
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Mean-field limit for the aggregation equation

Since f(0) = g(0) =1 and &y — 0 as N goes to infinity, we obtain that there
exists a positive constant 7Y (< Td¥) such that

EnfYP g0 <1 for te 0, T,
for sufficiently large N. Then we find
FO) <Pt and g(t) > e 2Pl
This yields

In(én)
2(d/p" + (1+a))llpll”

EnfYP g7 0F <1 holds for ¢ < —

so that | (f )
_ n{gn N
2/ + (el =7

On the other hand, our assumption for the initial data (6) implies

o , In(én)
NS . =
Bninf 7" > lim = a1 a)il

o,

and thus for N large enough, T < TN < T&¥. This completes the proof.
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Local existence and uniqueness of LP-solutions

Theorem 2. (Local existence and uniqueness of solutions)

Assume that W satisfies the condition (5), for some 0 < a < pi, — 1, and that
p° € Pr(RY)NLP(RY), 1 < p < oo. Then there exists a time T > 0, depending
only on ||p°|l, and «, and a unique nonnegative solution to (1) satisfying p €
L>=(0,T; L' 0 LP(R?)) N C([0,T], P+ (R)). Furthermore, the solution satisfies
that there exists C' > 0 depending only on ||0°||, and « such that

e, < C for all ¢t € [0,T]. (17)

The velocity field generated by p, given by u = —VW % p, is bounded and

Lipschitz continuous in space uniformly on [0,7], and p is determined as the

push-forward of the initial density through the flow map generated by wu.
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Local existence and uniqueness of LP-solutions

Theorem 2. (Continued)

Moreover, if p;, © = 1,2, are two such solutions to (1) with initial conditions
p? € PL(RY) N LP(R?), 1 < p < 0o, we have the following stability estimate:

d
Si(t) < Cmax(llpall ozl (),

where d1(t) := di(p1(t), p2(t)).
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Local existence and uniqueness of LP-solutions

Sketch of the proof; Step A.- Uniquness

Given two weak solutions p; € L>°(0,T; L* N L*(R%)) N C([0, T], P1(R%)),
i = 1,2, to the continuous aggregation equations (1), consider the two flow
maps ¥; : Ry x Ry x R? — RY, 4 = 1,2, generated by the two velocity fields,

ie.,
S W5,0)) = wilts, Wilt;5,2)),
Ui(s;s,z) ==,
where u; == —V'W % p;, t,s € [0,T] and z € R?. We know that the solutions

are constructed by transporting the initial measures through the velocity fields
pi=U#pY i =1,2.
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Local existence and uniqueness of LP-solutions

Let 7° be the optimal transportation between p1(0) and p2(0) for the
d,-distance. Then we define a transport (not necessarly optimal) between p1(t)
and p2(t) by

T (z) = Ua(t:0,2) 0 TO(x) 0 W1 (0 t,), T #pu(t) = palt),

and £d;(t) < Q(t), where di(t) := di(p1(t), p2(t)) and

Qt) == /W y [VW(T" () = T"(y)) = VW (z — y)|p1(t, ) pr (¢, y)dzdy,

where we have used a similar argument as in Step A of the proof of Theorem
1. Note by symmetry and the near- and far-field decomposition as in (12) that

54, s + 5 o

< Cmax([|pl; f[p2l]) da (2).
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Local existence and uniqueness of LP-solutions

Step B.- Existence

We first regularize VW such as VIV, := (VW) x 0.. Then since VIV, is a
globally Lipschitz, there exists a unique global solution p. to the following

system
Orpe + V- (peus) =0, t>0, zeRY
ue(t, @) := —=VWe * pe, t>0, zeR? (18)
pe(0,2) = p°(x), v ERY,
A standard calculation implies that
d 2
E| pelliinre < Cllpellinre (19)

where C' is an uniform constant in ¢.
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Local existence and uniqueness of LP-solutions

Thus we deduce that there exists a T' > 0 such that
sup [lpe| < oo. (20)
e>0

It follows from (20) and the evolution in time of the first momentum of p, that
this first moment is also uniformly bounded:

sup HﬂUPsHLoo(o,T;Ll(Rd)) <,
e>0

where C depends only on T, ||zp°||1, and ||p°]|.

One can use the similar arguments to the previous part to find that
d /
aniﬁl(t) < CHlaX(Hp€H7 H/)S’ H) (775,5’(t) +tete ) ) (21)

where C'is an uniform constant in £ and . We remark that the above
estimate (21) implies that {p.}e>0 is a Cauchy sequence in C([0,T], P1(R%)).
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Local existence and uniqueness of LP-solutions

3 limit curve of measures p € C([0, 7], P1(R%)) N L>(0,T; (L' N LP)(R%))

Show that p satisfies the weak formulation
= p is a solution of the aggregation equations (1)
Note that the velocity field is bounded and Lipschitz continuous in space with
lu(t, z) —u(t,y)| < Cllpll|lz —yl,

for all z,y ¢ RY and t € [0,T]. Thus, the flow map

d
a(‘l’(t; s,x)) = ult; s, U(t; s, x)),
U(s;s,z) =z,

for all s,t € [0,T7] is well-defined.
Choosing as test function in weak formulation ¢(t,z) = p(U(t; T, z)) for any
T € (0,T] with ¢ € C°(RY),

[ P @eOT o)z = [ T 2)p(@)iz,

J R J RO

for all ¢ € C2°(RY) = p(T) = U(T;0,- )#p° for any T € (0, T).
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Propagation of chaos

Propagation of chaos

Let us consider p~ (t,z1,- - ,zn) being the image by the dynamics to the
coupled system (2) with N-equal masses particles of the initial law (p®)®%.

We define the k-marginals as follows.
p{y(tmh"” 71.’0) = / pN(t,x)dwk+1d:cN
JRA(N —k)
The propagation of chaos property is defined as follows: for any fixed k£ € N,

N k
pe — (p)®"  weakly-x as measures as N — co.
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Propagation of chaos

Theorem 3. (Propagation of chaos)
Given p(t) € L*(0,T; (L* N LP)(RY)) N C([0, T); P1(R?)) the unique solution
to (1) with initial data p° € P1(R*) N LP(R?), 1 < p < 00, d > 3. Assume that

p° has compact support, the initial positions X0 := {X?}fvzl are iid with law

p°, and

-1
(1+a)p/<2i)_1d, with  «a > 0.

Then the propagation of chaos holds in the sense that

c
>
PQ$%MW@MW_NW>%QaSNﬁ+m

where ~y is a positive constant satisfying

P(2p-1)(1+a)

<v<l
d(p—1) K
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Propagation of chaos

We define the "blob” initial data p% as

1p_ 1
0 0 B<(0) 0

P = LNk = v k1 , 22
PN UN 1B.(0)] cqed (1N BE(O)), (22)

where ¢ = £(N) = N™7/% 0 < v < 1 and ¢, is the volume of the unit ball in
dimension d. We also define the “blob” approximation pn(t) to be the solution

of the system (1) with the initial data p%.

Proposition 1.

Under the assumptions of Theorem 3, and assuming that there exists C; > 0

independent of the number of particles N such that

1 .
”p(])VHP <Ci, and 779n > 65 )
1

with 1 < r < m. Then there exists T' > 0 such that the solutions pn (¥)

and the empirical measure un (t) are well-defined for all ¢ € [0, 7], and

doo (PN (1), 11n (£)) < doo (P, i )e¥2T < e(N)e™2T,

where C2 > 0 is independent of N.
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Propagation of chaos

Sketch of proof for Theorem 1

We first remark that ||pn(t)||, < C for all t € [0,T] where C is independent of
N. Then we now use the similar argument as in the proof of Theorem 1 to find
dnn

W S 0771\ (l + nif/h 7};1(1+”>> ,

and

i/ m C )/ «
S > —Cop (113 1)
at

where nn (t) := doo (pn (), un (t)). Note that the condition » > 1 makes sense
since € = 13 > 1%, > Ce” for € small enough. We finally conclude the desired

result using the fact that

0 \d/p’ ,
(ﬁé\r) < Ce¥P At 50 as N = oo

(n9,) e
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Propagation of chaos

Let p° € P(R%) N LP(R%),1 < p < oo, and the initial positions X™° be iid
with law p°. Suppose that there exists L > 0 such that

1
2¢y |10°|lp L’ < N,

then 72, satisfies

d
ol
1p°lpL P

1
_2p—1 »
P(nh > LN 3670 ) > 72
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Propagation of chaos

Let p° € P1(R?) N LP(RY),1 < p < oo with compactly support included in
[=R, R]%. For any iid X™:* with law p°, the smoothed empirical measures p%

defined in (22) satisfy the explicit /arge deviations bound
P(Lallp Iy < % ]1p) < (R + 1] NTelP N

where L4 and cgr are explicitly given by

CR 1= _ 22 and Lg:= —4(4[[\/@} i 1)‘1/1‘”

2(R+1)]7 ca

where [[-]] denoting the integer part.
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Propagation of chaos

Sketch of proof for Theorem 3

We introduce several sets for the random initial data:
N,O . 0 r N,0 0 0
wi = (XN 0% > ) w = (X0 Ll > (6% ),
and
ws = {XV0: dy(ul, p°) < e},

where 7, ¢, and Ly are given in the previous estimates. We can find that?

apg

P(wS) < ON™ %, Pwi) <CN'e V' 7" and Pws) <CN™*,

where C, 3, and s’ are positive constants. We now denote w := w; N ws N ws.
Then we have
P(w) < CN~', forsome C,1>0.

?Boissard(2011)
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Mean-field limit and propagation of chaos for aggregation equations

If the initial data belongs to w, then we obtain from Proposition 1 that

cT
1 (o (0, 1y (1) < e (0), 1 (1)) < o, for 1€ [0,7]

We can also notice from Theorem 1 that

C@CT
di(p(t), pn (1)) < NTd for all te€[0,T].
Hence we have

CecT
P(w) <P sup di(p(t), () < 8
t€[0,T]

N~/d
and it implies that

= N

cT
P(tgépﬂdup(t),m(t)) Ce )SP(wC) ¢

This completes the proof.
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Propagation of chaos

Thank you for your attention
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