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0\ INTRODUCTION h

Several phenomena in particle physics, cell and population biology, and social sciences, can be modelled by a discrete set of IV interacting agents, or particles. We focus on models with more
than one species. Assume X1, ..., Xy are particles of the first species and Y7, ..., Y, are particles of the second species, the movement of the particles can be described through the Cauchy
problem on
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ABSTRACT

We presents a systematic existence and uniqueness theory of weak measure solutions for
systems of nonlocal interaction PDEs with two species, which are the PDE counterpart of sy-
stems of deterministic interacting particles with two species. The main motivations behind
those models arise in cell biology, pedestrian movements and opinion formation. In case .
of symmetrizable systems (i. e. with cross-interaction potentials one multiple of the other), Xi(t) = = D pes e VH1L(X () — Xk (1)) — Dop me VEL(Xi(F) — Yi(2))
we provide in [3] a complete existence and uniqueness theory within (a suitable generali- Yy(t) = — Zk;;,ﬁj meVHy(Y;(t) = Yi(t)) — 2o, ne VE2(Y;(t) — Xk (1))
zation of) the Wasserstein gradient flow theory in [1], which allows to consider interaction
potentials with discontinuous gradient at the origin, see [2]. In the general case of non sym- withi =1,...,Nand j = 1,..., M. Denoting with p;,pus € P (]Rd) the empirical measures of the sets X;’s and Y;’s respectively, one easily obtain the following system as continuum PDE
metrizable systems, we provide in [3] an existence result for measure solutions which uses counterpart of (1)
a implicit-explicit version of the JKO scheme, which holds in a reasonable non-smooth set-
ting for the interaction potentials. Uniqueness in the non symmetrizable case is proven for
smooth potentials using a variant of the method of characteristics. One-dimensional local {8t pi1 = div (i VHy % p1 + i VK7 * pig)

(1)

nonlinear stability for a nonlocal predator-prey model is discussed in [4], both at particles Bepiy = div (ugV Ha * 3 + 2V Ky * 1) (2)

and PDE levels providing some numerical results.
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In (1) and (2), H; and H> are called self-interaction potentials, whereas K; and K are called cross-interaction potentials.
WASSERSTEIN DISTANCE:
We denote with P(R?) the space of all the probability measures on R? and with P, (R?) the space of probability measures with finite second moment. We endow the space P, (R?) with
the Wasserstein distance, cf. for instance [1]
W) = |

R2d

[z —yPdy(z,y), v €To(u,v).
where I', (1, v) as the class of optimal plans, between 1 and v. In order to match the ‘multi-species’ structure (2) of our modeling setting, we shall work in the product space P2 (RY) x Py (R?). We
shall use bold symbols to denote elements in a product space. For instance, we use p = (1, 1) € P2(R?) x Po(RY), = (21, 72) € RY x R Let a > 0 be fixed. For all pu, v € P3(R%) x Py(R9),

[4] M. Di Francesco, S. Fagioli. Steady states for a two species system of nonlocal interaction =~ "¢ define the a-product Wasserstein distance as follows

PDEs of Predator-Prey type In preparation. W3 (,v) = Wi (i, v1) + lwg(m, Va).
’ o)

\

SYMMETRIZABLE SYSTEMS AND GRADIENT FLOW STRUCTURE

Ouwr first aim is to address the case in which there exists a constant

a > 0 such that
KQ = OAKl. (3)

We shall call symmetrizable systems those which satisfy condition (3),
that can be cast in a variational Wasserstein gradient flow approach
by means of the interaction energy functional

1 1
Fur, o) = = Hy*pydpy+—= Ho* podpo+

Kxpodisy .
2 R4 2 R4 R4 ILLQ ,ul

(4)

More precisely, the system (2) can be formally written as

( oOF
o~ (155 2)
< o (5)
: oOF
Os s = adiv | uaV——m|.
\ 5,“2
MAIN ASSUMPTIONS:

A function K : RY — R is called an admissible potential if K &
C(R?) and K(0) = 0 and K(—x) = K(z). An admissible poten-

tial K is said to be A-convex for some A € R if the map R¢ 5 z
K(x) — 3|z|? € Ris convex. K is said to be mildly singular if

(MS) K € CHR?\ {0}).

K is said to be sub-quadratic at infinity if there exists a constant C' > 0
such that

(SQ) K(x) < C(1+ |z|?) for all z € R

K is said to be an attractive non-Osgood potential if is radial, i.e. there
exists a function k such that K(x) = k(|z|), k is increasing on r > 0,
and the function [0, +00) > r — k'(r)/r is non increasing and the
non-Osgood condition holds for some € > 0:

¢ dr
/0 () < 00. (6)

GRADIENT FLOW THEORY AND FINITE TIME BLOW UP:

Definition 1. We say that an absolutely continuous curve p; =
(pat, p2t) = [0, 7] = Pa(RY) x Po(R?) is a gradient flow for F if ui ¢
and L ¢+ solve the system of two continuity equations:

O¢pin,e = div (p11v1,¢)

Opio s = div (pava) (7)

with v, 4 in the sub-differentials of F.

We obtain the existence of solutions by means of the Jordan-
Kinderlehrer-Otto (JKO) scheme: given an initial product measure
to € P(RY) x P(RY) and a time step 7 > 0, we define the recursive
sequence p” via u = pg and

, 1
IJJ$+1 S argmlnHGPQ(Rd)2 {EWS(H’ﬁa I"/) + F [M]} :

Theorem 1. Let K;; be admissible \;; convex potentials satisfying (5Q)
and (MS), and let p, be a gradient flow solution to (2) according to Defini-
tion 1. Then, . satisfies the following Evolution Variational Inequality
(E. V.1)

d A
%%Wg(ﬂt,l/) + §W22(,LL,V) S J—"(V) o F(H’)a (8)

for all v € Py(R?T) x Po(RY). In addition, given two gradient flow
solutions p', p? corresponding to the initial data p} and p3, we have the
| \|-contraction property in W,

Wi (i, p?) < eMW3 (g, ud). 9)

Theorem 2. Let K;; be admissible, \;; convex potentials satisfying (5Q),
(MS), and let p(t) the unigque gradient flow solution to (2) with initial

datum po = (po,1, Ho,2)-

1. Assume that all the potentials K,;; are attractive non-Osgood po-
tential, and assume g is supported in B (X¢c, Ro) x B (Yo, Ro).
Then, there exists T depending only on Ry such that p(t) =
(5CM,5CM) Yt > T,

2. Assume that Ky, and Koo are attractive non-Osgood potential and
K15 is admissible, radial and satisfies k', non-increasing, and

. Then that there exist 0 < T* < T and 0 < Ry < R such that, if:

® o1, po2 are supported in B(xc,Ri) and B (yc, Ri)
respectively,

o d(B(zc,R1),B (yo,Ro)) > R

then

N(t) — (5330753/0) Vit € [T*vf]a

and p(t) = (oc,,,0c,,) Vt=>T.

NON-SYMMETRIZABLE SYSTEMS: WELL-POSEDNESS VIA IMPLICT-EXPLICIT EULER

Let us consider the general system

Orppr = div (uy VH7 * g + p1 VK7 * o)
o = div (uoVHy % g + o VK * 1)

IMPLICIT-EXPLICIT EULER SCHEME:

(1,7 (1), iz, (1))

Let v be a reference measure, time independent and consider the relative energy

functional:

(11)

1
Fluv] = 5 [ (Hys i+ Ky xom)

with H; and K; admissible potentials, H; and H> satisfying (MS), and furthermore

(GL) H; and K; are globally Lipschitz on R¢, i = 1,2,
(RK) VK; and VK, are continuous on R?.

We now construct the following implicit-explicit JKO scheme recursively. Let 7 > 0 be a fi-

dM1+—/(H2*M2+K2*V1)dM2
R

Theorem 3. Let T' > 0. There exists an absolutely continuous curve i : [0, T] — Po(R%)? such that
the family i (t) (up to a converging subsequence) satisfies f — 1 as T\, 0 uniformly on [0, T].

1
2

Theorem 4. Let po € P2(R?)? be fixed. There exists an absolutely continuous curve () :
[0, +00) — Po(R)? such that pu(0) = po and p(t) is a weak measure solution to (11) in the sense of

Definition 2. Such solution can be constructed as the limit (up to subsequences) of the approximating

curve fi..

UNIQUENESS FOR SMOOTH KERNELS:

Definition 2. A curve u(-) = (u1(+), u2()) : [0, +00) — P2(R?)? is a weak measure solution fo
(11) is, for all ¢,v € C°(RY), we have

%/¢(33)du1(:v,t) = —% // VHi(z —y) - (Vo(z) — Vo(y))dui (z)dui (y)
_ / VEKi(x —y) - Vo(x)du(x)dus(y)
‘ / o)y (1) = — / / VHs(z — y) - (Vi(x) = Vib(y))dps (2)dua(y)

- / VEs(x — ) - Vi) dua () dpn ().

NON-SYMMETRIZABLE SYSTEMS: A PREDETOR-PREY MODEL

Consider the system in one space dimension

S1 Kx

H —

— Ny 2

a15//52 — a:z:(ﬂ2(8:cs2 * U2 — aaxK X ,ul))a

So the system (15) is stable if and only if the matrix D 4+ H has strictly

negative spectrum.

Let K be an attractive potential. Under these assumptions, the sy-

stem can be seen as a predator-prey system type, in which the first
species is attracted by the second, which tries to escape.

We establish a criterion under which sums of Dirac’s deltas Du (z,t) = [} S (ua(C, 1) — ua(2,6))dC + [} K (un(C, ) — ua (2, 8))dC NN I SR - N
Dy (,1) = [ Sh(un(C. 1) — ua(z.0)dC — a [} K'(ur(,1) — ua(z£))dC.

for some 1 > 0.

xed time step, and let pg = (1o 1, f10,2) € P(R?)? be a fixed initial pair of probability measures.
For a given u” € P>(R%)%, we define the sequence pu”*! as

l"’7'+1 S argmlnuepQ(Rd)2 {ZW22(N77 N) + ‘F [I’l’|/'l’7']} :

For a given choice of the sequence u? = (uf ., u3 ), we introduce the piecewise con-
stant interpolation fi; - (t) = pf,, t € ((n—1)7,n7| for i = 1,2 and we define p,(t) =

We use basically a bootstrap version of the characteristic method.

Theorem 5. Assume that all the kernels H;, K; are C*? and consider two initial measures pg, Vo €
P (R*)? with compact support and the related weak measure solutions of (11) p, v respectively. Then,
there exists a constant C' > 0 such that

W (pe, ) < eSWs (o, o)t > 0. (12)

Consequently, for a given initial condition po € P(R?)?, there exists a unique weak measure solution
to (11).

\

with, fori=2,.... Nand j=1,.... M TEE =

diag (—d) 0

0 diag <—d§})
(16)

LOCAL NON-LINEAR STABILITY:
We rewrite (13) in the pseudo-inverse formalism,

(17)

Taking into account now the case of two particle per species and
setting K”(0) = A > 0, By = 35/(0) and By = 157(0) we have

TWO DIMENSIONAL PARTICLE SIMULATIONS:
' Here we present some simulation in the two-dimensional case.
First we consider 1000 particles for species with attractive normalized
Gaussian self-interaction potentials and o = 1.

The following dynamics is obtained with self-repulsive prey and
self-attractive predator, with a = 1. All the kernels are normalized

N M
- k k
(k1, p2) = <Z p1ox, (%), Z 207, (33)> ; (14)  with u;, i = 1,2 non-decreasing functions. Sums of Dirac’s deltas A+ B; >0, a< %, a < 1. Gaussian.
h=1 h=1 corresponds to sums of increasing steps functions S )
are stationary states for (13). N Mo _ | %
7 7 _ o P _ J J |
PARTICLES SYSTEM STABILITY: (@1(2),82()) = | D_ Koxry(2), ) Vaxp () | o TP = | 3 mi, 3 m S R . o i
We start our analysis with the particles system associated to (13) =t h=1 <P ?11?8) ‘
with |I]| = m]. a; gy
) I Iy Theorem 6. Let Sy, Sy and K admissible and smooth potentials. Consider -
X, (4) = kST (X4 (t) — X;(t b K'Y () — X(t a steady state (uy,us) as in (18) for (17), that satisfy: : : “ - The last example is with 100 predator and 1000 prey, with no
(t) me 1 (X () () + Zmy (Ya(t) G = == == self-interaction between prey.
X e = (NS1) d%, d% are strictly positive forall h = 1,.... N and k = 1, ..., M;
7. _ h v . k g1 Ve
Y;(t) = hz_:l my S3(Ya(t) — ¥;(t)) — o /; mx K(Xi(t) = ¥;(t)). (NS2) the matrix H + D defined in (16) has strictly positive spectrum, i.e. trreed L R e S B ppe o T
\ ; ; (15) for somev > 0,0(M) C{z€ C|R|(z) >v >0} = . |
Then for all initial data (u 0, us2,0) such that, for e > 0, L e
,,,,,,, ” g ‘"\ : :’K - ‘ / y
Let @ = (X1,...,Xn,Y1,...,Yy) € RNTM be a steady states for 1.0 — T ||oo + ||U2.0 — Tal|eo < € The last one-dimensional example is a system with 5 predator and L AN 1o \ RN
(15). Introducing the following quantities 10 prey, where all the kernels are normalized Gaussian. N SN B N B a\;\.,{; AAAAAAAA
exist a constant C' > 0 such that for all t > 0 u - NS 'S {
' N 3 B M B B = = n—1\ ,—nt " - - - \ \ W
dy = (Z mk ST (X — Xi) + > mb K" (Y, — Xi)> i=1 .N lis® = ulloo + llua(®) = alloo <€ (L7 T T T T Wil R W -
1 W1 _ : — { ‘* :“ }

M N

&, = (Z my Sy (Y —Vj) —a Yy mikK"(Xp=Y)) | j=1,.,M,
h=1 k=1

Si= (M5 SY(Xp = X0)), ,» B2 = (my:Sy(Ya —Y))),

k,' 9
Rx = (mbK"(Yi - X)), Ky = (m&K"(% - 7)), ,

ONE DIMENSIONAL PARTICLE SIMULATIONS:
The following simulations are performed with normalized Gaus- |
sian cross-interaction potential and self-interaction potentials given SEBEE TR PP

by Si(z) = %(1 — e‘x2) and Sy (x) = %(1 — 6_3’2) respectively.
Consider a system with one predator and two prey. Calling A =

sK"(0) and B; = 3S5/(0), with B, = 33, we obtain the following - -

the linearised equation for (15) around 2, with Q(t) = Q + 5Q(¢) is conditions on «:

d
—0Q = (D + H) o2

B m rinlinlie < inli e
a < — | : :

<1
@ A

Note that predators collapse into the center of mass and then start to
. chase the prey.
UPCOMING RESEARCH

e Stability analysis in space dimensions d > 1;

e Numerical simulations for the PDE system




