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Motivations:

@ Probabilistic interpretation of the decrease of entropy for a Markov
process?

What is the limit?

@ Trajectorial meaning of the dissipation of entropy for diffusion
processes?

@ By working at the level of trajectories of the diffusion, can we tell
something (new) about dissipation of entropy dissipation ?
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Outline

0 Entropy decrease for Markov processes : a backward point of view
e Entropy dissipation for diffusion processes : a pathwise description

e Dissipation of entropy dissipation: a non intrinsic Bakry-Emery
criterion
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Entropy decrease for Markov processes

HO) U : [0,00) — R is a convex function such that inf U > —oc.

We consider
@ (X;: t > 0) continuous-time Markov process with values in (E, ).
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@ Py, Qp probability measures on E.
o (X/°,t>0)and (X, t > 0) realizations of (X;) with X;° ~ P,
and X(?O ~ Q@ respectively.
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Entropy decrease for Markov processes

HO) U :[0,00) — R is a convex function such that inf U > —cc.

We consider
@ (X;:t > 0) continuous-time Markov process with values in (E, &).
@ Py, Qp probability measures on E.
o (X/°,t>0)and (X, t > 0) realizations of (X;) with X;° ~ P,
and X(?O ~ Q@ respectively.
@ Prand @, t > 0 laws of X, P and Xto0 respectively.

S Efle) = {IE (2(x)) dax) itp< g
+o0 otherwise.
Examples: U(r) = rin(r), U(r) = (r — 1), U(r) = |r — 1].

U— relative entropy.

J. Fontbona. CMM* , U.of Chile () March 2012 4/35



Entropy decrease for Markov processes

HO) U :[0,00) — R is a convex function such that inf U > —cc.

We consider
@ (X;:t > 0) continuous-time Markov process with values in (E, &).
@ Py, Qp probability measures on E.
o (X/°,t>0)and (X, t > 0) realizations of (X;) with X;° ~ P,
and X(?O ~ Q@ respectively.
@ Prand @, t > 0 laws of X, P and Xto0 respectively.

S Efle) = {IE (2(x)) dax) itp< g
+o0 otherwise.
Examples: U(r) = rin(r), U(r) = (r — 1), U(r) = |r — 1].

U— relative entropy.

J. Fontbona. CMM* , U.of Chile () March 2012 4/35



Proposition

If for some t > 0, P; < Q, then :
o L(XP:r>t <« E(XQ0 : r > t) with density Liad (XO°)
o foralls> 1t Ps < Qs ,

J. Fontbona. CMM*, U.of Chile () ICOR 2012 March 2012 5/35



Proposition

If for some t > 0, P; < @, then :
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Proposition

If for some t > 0, P; < @, then :
o L(XP:r>1t) < (X :r>t)with density Liad (XQO)
@ foralls>t, Ps < Qs,
(dP s (X QO)) is a backward martingale with respect to the

filtration Fs = a(X,OO, r>s).

If moreover Hy(P;|Q;) < +oo for some ¢t > 0, then (U( e (XSOO)))
is a backward submartingale with respecto to Fs.

In particular t € Ry — Hy(P:|Q) € R U {400} is non-increasing.

s>t
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Key point: if P; < Qy,

E(f(XPo,r > 1) = / ELX(F(X;, r > t))Py(ax) =
Rd

X aP; Qo dP; Qo
LB (106 = 0 50106 ) Qe = BUOE®. > 0 S (X)),

For s > t,

E (f(x,”O, r> s)) —E (f(X,OO, r> s)g—g(xt%))

and also

E <f(X,P°, r> s)) —E (f(X,OO, r>s) = P (x Q"))
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Corollary

If Hy(Pt| Q) < +oo for some t > 0, then

, . dP,
Jim AP 02) < (U (Jim Z206) ) < .

In particular, if U(1) = 0 and the tail o-field Ns>oFs is trivial a.s. then
lims_o Hy(Ps|Qs) = 0.
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9 Entropy dissipation for diffusion processes : a pathwise description

o
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Diffusion process:

dX; = b(t, Xp) + o(t, X)dW; € [0, T] x RY
b:R; x RY - RY,

o Ry x R — RI&

a—= 0'0'* : R+ X Rd —>Rd®d

Goal: describe (U( g,’gg(XS")))
Notation:

o PT, QT,P™0 and Q79 : laws of

0<s<T

(Xt < T), (X, t < T),(XP2,, t < T)and (X, t < T)

@ (Y1)i<T canonical process on C(]0, T],R9) and
Gt = o(Ys,0 < s < 1) its filtration.
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In the canonical space:

® If Py < Qp, then PT=0 <« Q0 with 95125 = 92 (Y7).

DT dﬁf d]P)T_)O . d:DT_tL
t — dQT_)O ’gt_ daQr_,

(Yf)y OStST7

isa Q"0 — G, is a (uniformly integrable) martingale with a right
continuous version also denoted D,T (Girsanov density).
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In the canonical space:

@ If Py < @, then PT—0 « QT%O with g(g;:?) — dPO(YT)

f d]P) d:DT_tL

L <t<
D dQT_)O ’gt dQT—t(Yt)’ 0 <t< T7

isa Q"0 — G, is a (uniformly integrable) martingale with a right
continuous version also denoted D/ (Girsanov density).

@ Hy(Ps|Qs) < +ocif and only if U (dPT ’(Yt)> ,0<t<T-s,isa
uniformly integrable Q7% — G; submartingale.
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In the canonical space:

@ If Py < @, then PT—0 « QT%O with g(g;:?) — dPO(YT)

DT dP’— dPr_¢

= = <t<
dQT_)O ’gt dQT—t(Yt), 0 <t< T7

isa Q"0 — G, is a (uniformly integrable) martingale with a right
continuous version also denoted D/ (Girsanov density).

@ Hy(Ps|Qs) < +ocif and only if U (dPT ’(Yt)> ,0<t<T-s,isa
uniformly integrable Q7% — G; submartingale.

@ Pathwise entropy Hy(PT|QT) = Hy(Po| Qo) = Hy(PT~°|Q79) .
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Time reversal of the diffusion property

Theorem [Haussmann Pardoux 86] [Millet, Nualart, Sanz 89]

Assume

H1) o, b globally Lipschitz (can be relaxed)
H2)q, fort >0, Q: has a density g:(x) w.r.t. the Lebesgue meas. on RY
H3)q, The distributional divergence 0;(aj(t, x)q:(x)) satisfies

.
/ / 10;(aj(t, X)qe(x))|dxdt < oo for any bounded set D ¢ R?
o Jo
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Time reversal of the diffusion property
Theorem [Haussmann Pardoux 86] [Millet, Nualart, Sanz 89]
Assume

H1) o, b globally Lipschitz (can be relaxed)

H2)q, fort >0, Q: has a density g:(x) w.r.t. the Lebesgue meas. on RY

H3)q, The distributional divergence 0;(aj(t, x)q:(x)) satisfies

.
/ / 10;(aj(t, X)qe(x))|dxdt < oo for any bounded set D ¢ R?
o Jo

then Q70 is a solution to the martingale problem (MP)q,
M = f(Yy) — f(Yo) — [o 3;(s, Ys)yf(Ys) + Bly (5, Ys)Oif(Ys)ds
is a martingale (for nice test functions f), where

@ gj(t,x) :=ay(T —t,x),i,j=1,...,d,

= : &y (ay(T—t,X)qr N
° leo(t? X) = —bi(T —t,x)+ i(@j( qr_):())?)T 1(x)) (with = 0.)
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Lemma If H1), H2)q,, H3)q,, H3)p,, and Py < Qp hold, then
Vin % and V% have a meaning (as equivalence classes if a singular).
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Lemma If H1), H2)q,, H3)q,, H3)p,, and Py < Qp hold, then
Vin % and V% have a meaning (as equivalence classes if a singular).

Assume moreover Q"9 is an extremal solution to (MP)q,. Then
i) Setting M} := Y] — Y§ — [; b (s, Ys)ds and
R :=inf{s € [0, T]: D] = 0} (G;)-stopping time
Q' %as, Vt € [0, T] we have

T _PT t pPr
D; =qT(Yo)+/O V[ ‘S}(stkndms

ar—s
_pr ' [Pr—s _
GRS
and
T _ ! P1—s " P1—s
(D)= \Y (Ys) ) a(s, Ys)V (Ys)1s<p ds(< o0).
0 ar—s ar—s
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i) QT7%—a.s.Vte [0, T],
dp
D/ :1{t<T}W;(Y0)X

exp{/otV [In ‘?] (Ye) - dMs

T—s

- (e o) et

where

T ::inf{te [0,7]:

/Ot (V [In pT‘S} (Ys)>* a(s, Ys)V [In pT_S] (Ys)ds = 00}7

ar-s qr-s

and one has R =7 A 7% where 7°:=0-1pr_g+00-1pr g
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Stochastic U—entropy dissipation formula

@ U’ left-hand derivative of U on (0, +c0)
@ U’(dy) the second order distribution derivative on (0, +o0)
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Stochastic U—entropy dissipation formula

@ U’ left-hand derivative of U on (0, +0)
@ U’(dy) the second order distribution derivative on (0, +o0)

THEOREM 1

Assume Hy(Po|Qo) < o0, H1) , H2)q,, H3)q, , H3)p, and Q70
extremal solution of (MP)q,. The Q70 — G; submartingale
(U(D{))tepo, 7 has Doob-Meyer decomposition

t
uoF) =u(ol)+ [ U (DY [”T—S] (Yo)loor - dMs
0 ar—s
1

2 Jo )L;(DT)UH(dr)_1{0<H§t}AU(O):

where R := inf{s € [0, T] : DI = 0},AU(0) = limy_,o+ U(x ) u(0) <
and L{(D") is the local time at level r > 0 and time t of (DJ )scpo.77-
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In particular, if U is continuous on [0, +c0) and C? on (0, +c0),
Vte [0, T]

U]y =upy) + /t U (DIHwv [ZT—S} (Ys)1s<r - dMs

T—s

3 () (7 [ e 0w 5] 0t

v

J. Fontbona. CMM* , U.of Chile () ICOR 2012 March 2012
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U- entropy dissipation: Vt € [0, T], denoting by 70 the expectation
under Q70,

Hy(Pt|Qr) = Hu(Pr|Qr) — AU(0)QT (0 < R< T —t)

+%1”EH° ( /(o+ | rT_t(DT)U”(dr)>.

Last, when U is continuous on [0, +00) and C? on (0, +oo),

Hu(Pr|Q7) = Hu(Po| Qo)

2l SV (50) (7 5] 2o 07 5] ) ssrrans

Iy(Ps|gs) U-Fiscﬁer information
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Corollary: Dissipation of total variation

1) For the choice U(x) = |x — 1], under the assumptions of Theorem 1
in particular that Py < Qo

Vt< T, |Pr— Qilltv = [[Po — Qollrv — ET2O(LH(DT) — LF_(D")).
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Corollary: Dissipation of total variation

1) For the choice U(x) = |x — 1], under the assumptions of Theorem 1
in particular that Py < Qo

Vt< T, |Pr— Qilltv = [[Po — Qollrv — ET2O(LH(DT) — LF_(D")).

2) When Z—g( Y;) is a continuous Q7 -G; semimartingale and in particular
if (£, x) — £(x) is well-defined and of class C'?, we deduce that
p.

Vi< T, [[Pt = Qv = [[Po — CQollrv — INET(L?(E(Y.)))-

where ET denotes the expectation under Q7.
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3) If x — qi(x) and x - G5 (x) are respectively of class C' and C? dt

a.e., + integrability assumptions (valid e.qg. if dPO € L2(Qp)) then,
Vi< T,

|Pt — Qtlltv = ||Po — Qolltv

L () e[ o

where siAg77(r) = —1(_00,0)(r) + 1(0,00) (1)
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e Dissipation of entropy dissipation: a non intrinsic Bakry-Emery
criterion

o
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Recall:

d 1
&Hu(ptlpoo) = —§lu(pt|poo)

where U-Fischer information is Iy(pt|psc) =

/{ (>0} v (l%(x)) (v* [ﬁ%] SO [F%D (X)Pos () dx.

Pt
Poo
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Recall:

d 1
EHU(pt|poo) = —§lu(pt|poo)

where U-Fischer information is Iy(pt|psc) =

J

Bakry-Emery approach: provide conditions for

Poc

o0 o0

Pt
Poo

d
E/U(Pt\Poo) < —2My(pt|ps)

to hold for some A > 0. Then,

J. Fontbona. CMM* , U.of Chile () ICOR 2012 March 2012

(x)>0} v (ﬂ(x)) (V* L%] alt, v L%D (X)Poo(X)dx.
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Recall: d .
EHU(pt|poo) = _EIU(pt|poo)

where U-Fischer information is Iy(pt|psc) =

A 001 u” <pf(x)> (v* Lft] a(t,-)v Lf’]) (X)Pso (X)X

pOO oo o
Bakry-Emery approach: provide conditions for

d
alu(pt\poo) < —2Xy(pt|ps)

Pt
Poo

to hold for some A > 0. Then, Vs > 0, Iy(ps|ps) < € 2*Iy(po|pss) and
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Recall: .
giHu(pelpse) = =5 lu(prlpeo)

where U-Fischer information is Iy(pt|psc) =

o (o) (5[]t 29 2] ot

Bakry-Emery approach: provide conditions for

d
alu(pt\poo) < —2Xy(pt|ps)

to hold for some A > 0. Then, Vs > 0, Iy(ps|ps) < € 2*Iy(po|pss) and

) 00 6—2)\5
0 < Hu(pslpse) — Jim Hu(pipc) = / lu(plpc) < €5 lu(polpec).
S

if lim;—,.« = 0 = Convex-Sobolev inequality Hy(po|poo) < 2A lu(pPo|pso)

—2\t
= Hy(pt|pso) < € <" Hy(po|p)



Framework

H4) Regular time-homogeneous coefficients o(x) and b(x).
15)p.. Qo(dx) = Poo(X)dX, Pso(x) > 0 invariant, regular. P/70 .= Q70
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Framework

H4) Regular time-homogeneous coefficients o(x) and b(x).

15)p.. Qo(dx) = Poo(X)dX, Pso(x) > 0 invariant, regular. P/70 .= Q70

In (a possible enlargment of) P70 there is a Brownian motion
(Wh)tejo, 7 such that

dY; = b(Yy)dt + o(Y:)dW;, te]0,T]

9i(a;j(y)poo(¥))
Po(y)

Trajectorial uniqueness holds for this SDE = P/*° unique and
therefore extremal solution of (MPg,)

with bi(y) = —bi(y) +
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Framework

H4) Regular time-homogeneous coefficients o(x) and b(x).

15)p.. Qo(dx) = Poo(X)dX, Pso(x) > 0 invariant, regular. P/70 .= Q70
In (a possible enlargment of) P70 there is a Brownian motion
(Wt)te[O,T] such that

dY; = b(Yy)dt + o(Y:)dW;, te]0,T]

9i(a;j(y)poo(¥))
Po(y)

Trajectorial uniqueness holds for this SDE = P/*° unique and
therefore extremal solution of (MPg,)

with bi(y) = —bi(y) +

H6),, Regularity of p:(x)
H7) The convex function U : [0,00) — R is of class C* on (0, +o0),
continuous on [0, +c0) and satisfies U(1) = U'(1) =0
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J. Fontbona. CMM* , U.of Chile () March 2012

Proposition
Let Us of class C* in R such that Us(r) = U(r +6),r > 0.
Let pr = pr_t/Po and all functions be computed at (t, Y;). Then

d [U}(pt)V*praVpr] (Vi) = tr(AsT)dt + UY (p)ddt + din®
where A _

dM®) = oy [U}(p)V*paVp| ok d W',
Gt — Q" ~%0cal martingale, As and I square matrices defined by
e | G0 0]
Us”(p) 3Us5"(p)
= { V(0w - VP)aV(ow- V) (0u-Vp)V'p @V (0w Vi) ]

(0ui - Vp)V*p aV(osi- Vp) |V*paVpl?
and

= = 1
Y = 2{ [o1iOp pa@mkOma O p) + oy iOp pOip [bmama i + Eamkamka Ii]

— ay Oy p [0k Okipdioj + Okpdiby] }

22/35



Sketch: stochastic flow
df;(X) = O-ik(gt(x))dv_vik+Bi(€t(x))dta (ta X) € [Ov T) XRdv = 17- .. da

and &o(x) = x (so that &(Yp) = Y1).
The continuous G; — P1;>%— local martingales (Dy(x) : t € [0, T])xcgd

dDi(x) = [oidip] (t, &(x))dWS . Do(x) = ST(X) = po(X).
satisfy Di(x) = pt(&t(x)) . Then

Voi(&1(X)) = (Vx&(X)) " Vx[pi(&(x))], use the previous and SDE for
d(Vx&(x))~1 in the 1td product rule.

[t6 formula for Us(p¢).

For V*ptaVp; use product rule like this: (6*Vpt).(6*Vpt) . Why?
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Cauchy Schwarz =
((0ei - VP)V*p @V (0ei - V)2 = (0 - Vp)o*Vp.0*V(04; - Vp))?
< (04i- Vp)Plo*VpP > 0"V (04 - V)
i i
= |V*paVp[? x V*(0s; - Vp)aV(osi - V).

the determinant of the matrix I is nonnegative, and the matrix is
positive semidefinite. From now on we assume

vr e (0,00), (UB(r)2 < ~U"(r)UM(r) (e.g. rin(r) and (r — 1)?)

N —

which ensures that A is also positive semidefinite.

Corollary d [U!(p)V*paVp] > U!(p)ddt + di®).
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THEOREM 2
Let © € R%Y be defined by

_ 1 _
Oy = opi[bmOmoy + Eamkamkgli] — agr Okby

T (O'kiam// — a,,,-amk)c‘)mg,,-ak |n(poo)
+ Ok[(oki@mr — ori@mk)Omoii].

and assume some integrability w.r.t. p., of p; and its derivatives (for
instance for nice pg) Then, for a.e. t € [0, T] one has

d
- U"(pt)[V* praV prlpscdx > U'(pt)V*pt(© + ©")Vppocdx.
dt Jo>0 pr>0

lu(pT—tlPss)

Moreover, if Hy(ps|p~) is finite for some s > 0, the symmetric matrix
(© + ©%)(t, x) is po(x)dxdt a.e. positive semidefinite and the diffusion
matrix a is locally uniformly strictly positive definite, or hypoellipticity
conditions hold, then H;,(p:lp~) — 0 as t — occ.
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heart of the proof:
(U5 (p)V*paVpl(t, Vi) — [Us (p)V*paVpl(r, Yr)

t
> 1(5) — M + 2/ U5 (p) [oriamk — oki@mr] Oy pOmoidupds
r

t _ 1 _
+2 / U5 (0)r pdip (0//,' [bmama i + zamkamkali] — aml/ambl> as.
r
One has Uj(p) [oriamk — oki@mr] Oy pOmoidkip =

]
pff)k (01p0r p U5 (p) [ori@mk — oki@mir] Omai Pos)
o0
—01pdy pUs (p) loviamk — oki@mr] Omoik In poc
—01p0y pUs (p)0k ([ori@amk — oki@mir] Omoii)
since
Ok pUs (p) loriamk — oki@mr] = 0
and
3
ok(Us (p))orploriamk — oria@mr] = U§ )(0)0kpOrp [oriamk — oki@mr] = O.
March 2012 26/35



THEOREM 3
If the matrix © satisfies the non-intrinsic Bakry-Emery criterion

NIBEC) 3 >0, ¥x e RY, (© + ©*)(x) > Aa(x)
then %IU(pﬁpoo) < —AMy(pt|P~) and the non-increasing function
t — Hy(pt|p=) converges at exponential rate A to its limit as t — co.

When, moreover, the diffusion matrix a is locally uniformly strictly
positive definite or hypoellipticity conditions hold, then this limit is equal
to 0 as soon as Hy(ps|p~) is finite for some s > 0, and the convex
Sobolev inequality

1
holds for any probability density p on RY.
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Remark

i) 2(©+6) =
1. 1 _ o 1
5 bmOmayr — §(ak/'5kb/ + aokby) + 28mkOmkanr = 2 amkOmoiOkar
< %Uki(amaliaml/ + Omoyi@m) Ok IN(Poc) — %amkamall/ak In(po)
& %3/( [0ki(Omaii@mr + Omori@m) — 8mkOmay]

non-intrisic expression that cannot be rewritten without making
use of the square root o.
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Remark

) 3(©0+067) =
1. 1 _ _ 1
Ebmamall’ - §(ak//3kb/ + akokbr) + Zamkamkall’ - Eamkama' ik
+ %Uki(amaliaml’ + Omori@mi) Ok IN(Poo) — %amkamall’ak IN(Poo)
& %@ [0ki(Omaii@mr + Omori@m) — 8mkOmay]

non-intrisic expression that cannot be rewritten without making
use of the square root o.

i) Incase a=2vlyand b= —(VV + F) with F such that
V.(e"V/"F) =0, then py, x e~ V/7,
b=-b+2vVInp, = -VV + Fand © =2u(V2V — VF). If we
chose o = 2vly, then NIBEC) writes
X >0, Vx € RY, V2V(x) — YEEVE (x) > My which is exactly
condition (A2) of Arnold, Carlen and Ju (2008) .
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Application: choice of o can provide convergence results when
classic BEC) fails, without modifying the PDE

d = 2 and for each (x4, X2) € R?,
a(xy,x2) =h, and b(x1,x2) = -V V(x1,X2)
with V convex C? potential
V(x1, %) i= [xq)? + [xq — %2272 + |xo 2T

for some « € (0, 1). Invariant distribution : p,, o« e 2"
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D1V =2x1 + (2 + a)sign(xy — x2)|x3 — Xp|' T
bV =2+ a)sign(x2)|x2|1+‘”
+(2+ a)sign(xz — x1)|x2 — x¢ |1+

and

2 0 o 1 —1
V= (3 @ran el ) rErN e (Y )

Classic Bakry-Emery criterion fails since V2 V/(0, 0) is singular.
Smallest eigenvalue of V2V/(xy, X2), is given by

V- (x1,%2) =1+ K1 +m2/2—\/1 + K2 — Ko+ K3/4 >0

with #1(x1, X2) := (2 + a)(1 + a)|x; — X|* and
ka(X1,X2) == (2 + a)(1 + a)|x2|“ so that

fore >0small, inf ~_(x1,x2) > (24 a)(1 + a)e® + o(e¥).

Ix1|V|X2| >
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Square root o of the identity matrix of the form

U(X1,X2)=< CoS ¢(x1,X2)  sin G(x1, X2) >

—sing(xy, X2) €OS ¢(X1, X2)

for a function ¢ : R? — R? of class C?. Then

. b O200—011¢
(@+@ ):VZV—i- < 322(1’152;?1(1) 2 )

—012¢

N —

B 1|V¢IZI N —201¢8,V 1DV — 820895V
2 2 D101V — 8200oV 280,001V
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For € > 0 to be chosen small and a C? function ¢ : R — R such that
o(s) = sif |s| <1 and ¢(s) =0if [s| > 2 we define

d(x1, X2) = —ep(X1)p=(X2), (X1,%) € R?
where p.(s) = ep(s/e). Notice that
1 if [s| <e,
.= 0(), @=0(1/e), and .= O1) ife<|s|<2e,
0 if |s| > 2e.

Let B. := {(x1,x2) € R?s.t.|x¢| V |X2| < e} and C. := B,.\B..

On B3,, ¢ =0and %(9+@*) =VEVz it (6 xe)l

- ‘X1|V|X2‘225
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On B2€!
D19 = O(e?), Do = O(c?), 81V = O(e) and B,V = O(c'+9).
Therefore

1 2 —201902V 01901V — 02002V '\ _ 1 3
—5lVelTh+ ( 81601V — BogpBsV 20,601 V =Gl

D120 522055311(25 ( —< 0 > on B.
( 0229—011¢ —O126 >_ 0 ¢
) 12
O(¢e) on C.
And }(© + ©%) =
_ o _
vevi [ ° 0 ) 1o > =0
0 ¢ 0 ¢
V2V + O(e) > (2 + a)(1 + a)eh + 0(*) on C.

) + O(£%) on B.

Thus NIBEC) holds for sufficiently small € > 0.



Questions and future work:

@ (differential) geometrical meaning of NIBEC?
@ optimal choice of the square root?

@ anon “c type” example.

@ is there an interpretation in terms of coupling?
@ what about the general case qy # poo?
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Thank you!

= &
J. Fontbona. CMM*, U.of Chile () ICOR 2012
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