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Introduction

Reversible chemical reaction (diffusion)

q q
> aidi = BiA;,
i=1 i=1

A; are species with a; # ;.
e The law of action mass ( Waage and Guldberg in 1864) says u;
are concentration

q

d T o 5
Eu,-:(ﬂ,-—a,-) kHujJ—KHujf ,

j=1 j=1
e With a diffusion term
q q
8tu,- = L,'U,' + (5, — Oé,‘) kH UJ(-XJ - EH ujﬁj s
j=1

Jj=1

L; is an (diffusion) operator.
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Introduction

General problem : Chemical reversible reaction associated to an
incompressible fluid
e Incompressible Navier-Stokes equation for the fluid v:

Orv =alv+(v-V)(v)+ f(T,t, x)

with V*v =0 (or Vv =0)
e The temperature T:

O T =BLT + (v-V)(T)+ H(&)®(T)

The function H describe how the temperature depends on the
chemical reaction and ®(T) = exp(—~/T)
e The concentration of the species

Oruj = GiLluj+ (v-V)(ui) + (Bi — i) kHuaJ —KH AR
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Introduction

Our main example (for understanding computations) :
The two-by-two case with L; = GL

A1+ Ay = By + By,
and the equation can by formulated as follow

Btul = C1Lu1 — )\(u1u2 — V1V2)
Orup = Glup — A (u1up — vivp)
Orvi = Glvg + )\(U1u2 — V1V2)
Orvo = Culvo + )\(u1u2 — V1V2)

with u;j(t,x), t >0, x € M.
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Introduction

Main assumptions :
e [ is a Markov semigroup associated to (P¢)¢>0 on M : Pyf is
solution of the parabolic equation

Oru = Lu,
with u(t =0) = f.
e [ is reversible with respect to the probability measure s,
vf, g, /ngdM: /gLfd,u.

e [ satisfies a logarithmic Sobolev inequality

2

p(u?)

Ent,, (u?) = p(u? log ) < Crsé(u),

with
E(u,v) = —pu(v Lu).
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Introduction

Examples :

» In R", the Ornstein-Uhlenbeck semigroup

L=A—-—x-V
with the reversible measure u(dx) = e(2|‘x)‘,l,/é2 dx then Cis = 2.

More generally
L=A-VV.V
such that Hess(¢)) > AId with A > 0, then C; s = 2/\.

» In a Riemannian setting (uniform bound on the Ricci
curvature).

» In a discret setting (Markov chain).

» In a infinite dimension setting (Gibbs measures).
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Introduction

Two questions :

» Existence theorem : find conditions on M, L, C; and L
such that there exists a positive solution (weak, strong,
mild...) on R,

» On Q C R", bounded, with bounded initial conditions and
boundary conditions.

Gtul = C1Lu1 — )\(U1U2 — V1V2)
8tU2 = C2LU2 — )\(U1U2 — V1V2)
Orvi = Glvi + A(u1tr — viva)
Otvo = Galvo + )\(U1U2 — V1V2)

the C;'s could be different. (M. Pierre, L. Desvillettes, Rothe
and coauthors...).
» On R” with restriction of the number of species (S. Zelik and
coauthors).
» Asymptotic behaviour : there exits a unique steady state of
the solution (up to conservation mass).
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Our result

The abstract equation

i(t) = eLi(t) + G(a(1)X, t>0 (RDE)
0) f

—
Sige

> i(t,x) is a function from [0,00) x M to R*
» A= \(-1,-1,1,1) e R} A >0;
> G(ﬁ) = UjlUp — uzug.

GG 0 0 O

¢ — 0 G 0 0 ,
0 0 G 0
0 0 0 G

we assume that ¢; = (3 and G = (.
> the initial datum is = (f, f2, 3, 12).

Ivan Gentil, Université Lyon 1

Logarithmic Sobolev inequality applied to Cauchy problems



Our result

Weak solutions :

Let T >0, i € L2([0, T],D*) is a weak solution of (RD
[0, T] provided, for any G € C>([0, T], (D NL*®(x))*),

_/ Zu ui(s)0spi(s)) ds +

E) on

Zu ui(t)pi(t) — Ui(O)SOi(O))]

__/ ZCE(u,(s) ©i(s)) ds—l—/ ZAM ¢i(s)G(d(s))) ds

where L®(p) = {u, 3y >0, s.t. p(e?) < oo}
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Our result

Theorem
Let (L, u) be a Markov generator satisfying a log-Sobolev
inequality with constant Cys such that

max(4,3/C1,3/G) Aers < 7.

Then Vf s.t.
we) <oo,i=1,...,4,

there exists a unique weak solution i of (RDE) [0, c0).

o . o -
au(t) = CLi(t) + G(d(t))A, t>0

Moreover, ii > 0 and satisfies on R,

,u(e'Y“"(t)) < M(evfi)_
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The proof

An iterative procedure :

Let define (7(")pen
» for all n € N, u(”(t ):
> for n =0, 9;dO(t) = ¢Lil
» forany n>1,

3tL7(n) = Q:Lﬁ(n) + /‘\’(ugn) V2(n_1) — ugn)vin—l))‘

The sequence is well defined : for n = 0, the solution is given by

(Pt)e>o0-
Then since (7 = (G,

Op(ud™ + ul™y = G L (™ + (™)
Bt(uén) + ugn)) = C2L(u§n) + u4n))

f
)t)

then
Btu(") G Lu:(l n) )\ugn)(uénfl) + ugnfl)) + APc,t(fi + f3)u£(l"71).

with initial datum £
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The proof

Existence and positivity of the sequence follows from this Lemma,
with A(t) = A(u$" ) + ud" ) and B(t) = APc(f + f)ul™ V.

Lemma

Let A= A(t,x) >0 e L>([0, T],L®(u)) and

B = B(t,x) > 0 € L>([0, T],L?(u)) for any T > 0 then the
Cauchy problem

{ Oru(t) = Lu(t) — A(t) u(t) + B(t),
u(0) = f,f € L2(p)

has a unique nonnegative solution u € L>°([0, T),L?(u) N D).
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The proof

A priori estimates :

Proposition

Let (") (for any n) be a solution the sequence then

/ev(uy)ﬂgn))du - /e7(ﬂ+'%)du

and similarly for ugn) + u‘(t").

Proof :  Formally since O¢(u; (m 4 u:(; )) = C1L(u£") + ugn)) then

d

& ety / VG L + o) gy < o,

which implies the result.

Ivan Gentil, Université Lyon 1 Logarithmic Sobolev inequality applied to Cauchy problems



The proof

Convergence of the approximation procedure :

» ldea : for K > 0, let considere
t
E(6) = ul(d® — E VPR + k[ 6@ - A D)),
0

then sup,c(o, 771 Ln(t) goes to 0 exponentially fast as n — oo if
T > 0 small enough ; Where

» Main tool : Relative entropy inequality, for any f, g > 0,
v >0,

n(fg) < iu (f log M(ff)> + Mfyf) log 1 (7%)
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The proof

Estimate of the L2-norm derivative :
We will focus on the L2-norm of ugn)

].d n n— n n— n n—
5 e (t” — o)) = (o — of )L — o)

R T T B G e Y e S S}

or after natural bilinear handlings,

1d

5 gt =" ™)) = — G i) (o =" Y)

= (e = D)"Y = o)l Y)
(e = u" D) — D))
+ (" = o) "D = ")),
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The proof

Since @("1) is nonnegative, and by the quadratic inequality
ab < a%/2 + b?/2, one gets

1 n n— n n—
S — oY) < e — oY)

ar
)\ n n— n n— n— n—
(el = IR Sl )Rl

A - A - -
ol =Py Sl - )

A n n—1 n—1 A n—1 n—2 n—1
+ Sal(uf” = ") 4 (e - TP,
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The proof

All the similar terms are then estimated thanks to the relative
entropy inequality. For instance,

(el = ol 2l < Bt (0 — ol )2)

n — o=
+ u(( =" log (e ).

2

The logarithmic Sobolev inequality and the a priori bound
described in the Proposition give

n— n— C n n— D n n—
PR < (= )+ S o)),

D = max {Iog u(e"i+B)) log M(GV(&JFEO))}'
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The proof

Recall
t
zao—+mm”—aw*Wxn+n/"amﬂ—mmﬂxs$,
0

then
4\
Y,(t) < D— Z,,(s)ds
Y Jo

4\, [t
i g(n—1) _ j(n=2)
+Dvp/mw ?)(s)ds
Qﬂ/s"” i2)(s)ds).

Gronwall argument implies local existence :

sup X,(t) <n(T) sup X,_1(t),
te[0,T] te[0,T]

where n(T) = 4)‘ D= T(DT+ Crs) < 1if T > 0 small enough.
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The proof

Existence of the weak solution on [0, T]:
Let T > 0 fixed as before, if o € C([0, T], (D NL®(u))*),

t t
/o u(pdsul™)(s)ds = G /0 u(pLul™)(s)ds
t t
[ el el s 3 [ okl 5)s.

Integrate by parts with respect to s :

- /o (" 050)(s)ds + p(ul" ) (£) — (i De)(0) = —

t t
| e P e)dsn [ tend i s)ds—r [ o) s)es

e Again the relative entropy inequality and the logarithmic sobolev
inequality imply a weak solution in [0, T].
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The proof

e Estimate doesn't depend on T > 0 — global solution in R.

. . . n .
e Solution are nonnegative since uf ) > are nonnegative.

e Uniqueness is proved in the same way.
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The general case

The main chemical equation is the following
D aidi =) BiA;,
iel i€l

with «; # §; for any i € I. The main PDE is

q q
Oruj = GiLuj + (Bi — o) H uj-xj — uJ’-Gj
j=1 j=1
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The general case

o Let I_:{iE/, ﬁ,-—a,->0} and /_,_:{I'E/, ,3,'—04,'<0}.
We assume that Vi_ € I_, 3j; € I; such that
G G,

‘ﬂi— - O‘i—‘ B ’6f+ - ai+|’

Iterated procedure :

8tu(n) = Ci_ me

i i

q (n=1)yoy q (n=1)\g;
o —apy | BT Y sl 7 )
- - (u’(n—l))a;771 1— (uff—l))ﬁ,'+—l I+

e For a weak solution, the logarithmic Sobolev constant has to be
smaller when max{«;, 5;} and |/] is big.
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