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Reversible chemical reaction (diffusion)

q∑
i=1

αiAi 

q∑

i=1

βiAi ,

Ai are species with αi 6= βi .
• The law of action mass ( Waage and Guldberg in 1864) says ui

are concentration

d

dt
ui = (βi − αi )
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,
• With a diffusion term

∂tui = Liui + (βi − αi )

k

q∏
j=1

u
αj

j − `
q∏

j=1

u
βj

j

,
Li is an (diffusion) operator.
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General problem : Chemical reversible reaction associated to an
incompressible fluid
• Incompressible Navier-Stokes equation for the fluid v :

∂tv = αLv + (v · ∇)(v) + f (T , t, x)

with ∇∗v = 0 (or ∇v = 0)
• The temperature T :

∂tT = βLT + (v · ∇)(T ) + H(~u)Φ(T )

The function H describe how the temperature depends on the
chemical reaction and Φ(T ) = exp(−γ/T )
• The concentration of the species

∂tui = CiLui + (v ·∇)(ui ) + (βi −αi )

k

q∏
j=1

u
αj

j − `
q∏

j=1

u
βj

j

Φ(T ).

Ivan Gentil, Université Lyon 1 Logarithmic Sobolev inequality applied to Cauchy problems



Introduction
Our result
The proof

The general case

Our main example (for understanding computations) :
The two-by-two case with Li = CiL

A1 +A2 
 B1 + B2,

and the equation can by formulated as follow
∂tu1 = C1Lu1 − λ (u1u2 − v1v2)
∂tu2 = C2Lu2 − λ (u1u2 − v1v2)
∂tv1 = C3Lv1 + λ (u1u2 − v1v2)
∂tv2 = C4Lv2 + λ (u1u2 − v1v2)

with ui (t, x), t > 0, x ∈M.
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Main assumptions :
• L is a Markov semigroup associated to (Pt)t>0 on M : Pt f is
solution of the parabolic equation

∂tu = Lu,

with u(t = 0) = f .
• L is reversible with respect to the probability measure µ,

∀f , g ,

∫
f L gdµ =

∫
g L fdµ.

• L satisfies a logarithmic Sobolev inequality

Entµ
(
u2
)
≡ µ(u2 log

u2

µ(u2)
) ≤ CLSE(u),

with
E(u, v) = −µ(v Lu).
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Examples :

I In Rn, the Ornstein-Uhlenbeck semigroup

L = ∆− x · ∇

with the reversible measure µ(dx) = e−||x||
2/2

(2π)n/2 dx then CLS = 2.

More generally
L = ∆−∇Ψ · ∇

such that Hess(ψ) > λ Id with λ > 0, then CLS = 2/λ.

I In a Riemannian setting (uniform bound on the Ricci
curvature).

I In a discret setting (Markov chain).

I In a infinite dimension setting (Gibbs measures).
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Two questions :

I Existence theorem : find conditions on M, L, Ci and L
such that there exists a positive solution (weak, strong,
mild...) on R+.

I On Ω ⊂ Rn, bounded, with bounded initial conditions and
boundary conditions.

∂tu1 = C1Lu1 − λ (u1u2 − v1v2)
∂tu2 = C2Lu2 − λ (u1u2 − v1v2)
∂tv1 = C3Lv1 + λ (u1u2 − v1v2)
∂tv2 = C4Lv2 + λ (u1u2 − v1v2)

the Ci ’s could be different. (M. Pierre, L. Desvillettes, Rothe
and coauthors...).

I On Rn with restriction of the number of species (S. Zelik and
coauthors).

I Asymptotic behaviour : there exits a unique steady state of
the solution (up to conservation mass).
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The abstract equation{
∂
∂t~u(t) = CL~u(t) + G (~u(t))~λ, t > 0

~u(0) = ~f
(RDE)

where

I ~u(t, x) is a function from [0,∞)×M to R4

I ~λ = λ(−1,−1, 1, 1) ∈ R4, λ > 0;

I G (~u) = u1u2 − u3u4.

I

C =


C1 0 0 0
0 C2 0 0
0 0 C3 0
0 0 0 C4

 ,

we assume that C1 = C3 and C2 = C4.

I the initial datum is ~f = (f1, f2, f3, f4).
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Weak solutions :

Let T > 0, ~u ∈ L2([0,T ],D4) is a weak solution of (RDE) on
[0,T ] provided, for any ~ϕ ∈ C∞([0,T ], (D ∩ LΦ(µ))4),

−
∫ t

0

4∑
i=1

µ(ui (s)∂sϕi (s)) ds +

[
4∑

i=1

µ(ui (t)ϕi (t)− ui (0)ϕi (0))

]

= −
∫ t

0

4∑
i=1

CiE(ui (s), ϕi (s)) ds +

∫ t

0

4∑
i=1

λiµ(ϕi (s)G (~u(s))) ds.

where LΦ(µ) = {u, ∃γ > 0, s.t. µ(eγ|u|) <∞}
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Theorem
Let (L, µ) be a Markov generator satisfying a log-Sobolev
inequality with constant CLS such that

max(4, 3/C1, 3/C2)λcLS < γ.

Then ∀~f s.t.
µ(eγfi ) <∞ , i = 1, . . . , 4,

there exists a unique weak solution ~u of (RDE) [0,∞).

∂

∂t
~u(t) = CL~u(t) + G (~u(t))~λ, t > 0

Moreover, ~u > 0 and satisfies on R+,

µ(eγui (t)) ≤ µ(eγfi ).
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An iterative procedure :
Let define (~u(n))n∈N

I for all n ∈ N, ~u(n)(t = 0) = ~f ;
I for n = 0, ∂t~u

(0)(t) = CL~u(0)(t)
I for any n > 1,

∂t~u
(n) = CL~u(n) + ~λ(u

(n)
1 v

(n−1)
2 − u

(n)
3 v

(n−1)
4 ).

The sequence is well defined : for n = 0, the solution is given by
(Pt)t>0.
Then since C1 = C3,{

∂t(u
(n)
1 + u

(n)
3 ) = C1L(u

(n)
1 + u

(n)
3 )

∂t(u
(n)
2 + u

(n)
4 ) = C2L(u

(n)
2 + u

(n)
4 )

then

∂tu
(n)
1 = C1Lu

(n)
1 − λu

(n)
1 (u

(n−1)
2 + u

(n−1)
3 ) + λPC1t(f1 + f3)u

(n−1)
4 .

with initial datum f1
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Existence and positivity of the sequence follows from this Lemma,

with A(t) = λ(u
(n−1)
2 + u

(n−1)
3 ) and B(t) = λPC1t(f1 + f3)u

(n−1)
4 .

Lemma
Let A = A(t, x) > 0 ∈ L∞([0,T ],LΦ(µ)) and
B = B(t, x) > 0 ∈ L∞([0,T ],L2(µ)) for any T > 0 then the
Cauchy problem{

∂tu(t) = Lu(t)− A(t) u(t) + B(t),
u(0) = f , f ∈ L2(µ)

has a unique nonnegative solution u ∈ L∞([0,T ),L2(µ) ∩ D).
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A priori estimates :

Proposition

Let ~u(n) (for any n) be a solution the sequence then∫
eγ(u

(n)
1 +u

(n)
3 )dµ ≤

∫
eγ(f1+f3)dµ

and similarly for u
(n)
2 + u

(n)
4 .

Proof : Formally since ∂t(u
(n)
1 + u

(n)
3 ) = C1L(u

(n)
1 + u

(n)
3 ) then

d

dt

∫
eγ(u

(n)
1 +u

(n)
3 )dµ =

∫
γC1L(u

(n)
1 + u

(n)
3 )eγ(u

(n)
1 +u

(n)
3 )dµ ≤ 0,

which implies the result.
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Convergence of the approximation procedure :

I Idea : for κ > 0, let considere

Σn(t) = µ(|~u(n) − ~u(n−1)|2)(t) + κ

∫ t

0
E(~u(n) − ~u(n−1))(s)ds,

then supt∈[0,T ] Σn(t) goes to 0 exponentially fast as n→∞ if
T > 0 small enough ; Where

|~u|2 =
4∑

i=1

u2
i and E(~u) =

4∑
i=1

E(ui ).

I Main tool : Relative entropy inequality, for any f , g > 0,
γ > 0,

µ (fg) ≤ 1

γ
µ

(
f log

f

µ(f )

)
+
µ(f )

γ
logµ (eγg )
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Estimate of the L2-norm derivative :
We will focus on the L2-norm of u

(n)
1 :

1

2

d

dt
µ((u

(n)
1 − u

(n−1)
1 )2) = C1µ((u

(n)
1 − u

(n−1)
1 )L(u

(n)
1 − u

(n−1)
1 ))

−λµ((u
(n)
1 −u

(n−1)
1 )(u

(n)
1 u

(n−1)
2 −u

(n)
3 u

(n−1)
4 −u

(n−1)
1 u

(n−2)
2 +u

(n−1)
3 u

(n−2)
4 )),

or after natural bilinear handlings,

1

2

d

dt
µ((u

(n)
1 −u

(n−1)
1 )2) = −C1E(u

(n)
1 −u

(n−1)
1 )−λµ((u

(n)
1 −u

(n−1)
1 )2u

(n−1)
2 )

− λµ((u
(n)
1 − u

(n−1)
1 )(u

(n−1)
2 − u

(n−2)
2 )u

(n−1)
1 )

+ λµ((u
(n)
1 − u

(n−1)
1 )(u

(n)
3 − u

(n−1)
3 )u

(n−1)
4 )

+ λµ((u
(n)
1 − u

(n−1)
1 )(u

(n−1)
4 − u

(n−2)
4 )u

(n−1)
3 ).
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Since ~u(n−1) is nonnegative, and by the quadratic inequality
ab ≤ a2/2 + b2/2, one gets

1

2

d

dt
µ((u

(n)
1 − u

(n−1)
1 )2) ≤ −C1E(u

(n)
1 − u

(n−1)
1 )

+
λ

2
µ((u

(n)
1 − u

(n−1)
1 )2u

(n−1)
1 ) +

λ

2
µ((u

(n−1)
2 − u

(n−2)
2 )2u

(n−1)
1 )

+
λ

2
µ((u

(n)
1 − u

(n−1)
1 )2u

(n−1)
4 ) +

λ

2
µ((u

(n)
3 − u

(n−1)
3 )2u

(n−1)
4 )

+
λ

2
µ((u

(n)
1 − u

(n−1)
1 )2u

(n−1)
3 ) +

λ

2
µ((u

(n−1)
4 − u

(n−2)
4 )2u

(n−1)
3 ).
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All the similar terms are then estimated thanks to the relative
entropy inequality. For instance,

µ((u
(n)
1 − u

(n−1)
1 )2u

(n−1)
1 ) ≤ 1

γ
Entµ

(
(u

(n)
1 − u

(n−1)
1 )2

)
+

1

γ
µ((u

(n)
1 − u

(n−1)
1 )2) logµ(eγu

(n−1)
1 )).

The logarithmic Sobolev inequality and the a priori bound
described in the Proposition give

µ((u
(n)
1 −u

(n−1)
1 )2u

(n−1)
1 ) ≤ CLS

γ
E(u

(n)
1 −u

(n−1)
1 )+

D

γ
µ((u

(n)
1 −u

(n−1)
1 )2),

where
D = max

{
logµ(eγ(f1+f3)), logµ(eγ(f2+f4)))

}
.

Ivan Gentil, Université Lyon 1 Logarithmic Sobolev inequality applied to Cauchy problems



Introduction
Our result
The proof

The general case

Recall

Σn(t) = µ(|~u(n) − ~u(n−1)|2)(t) + κ

∫ t

0
E(~u(n) − ~u(n−1))(s)ds,

then

Σn(t) ≤ D
4λ

γ

∫ t

0
Σn(s)ds

+ D
4λ

γ

(∫ t

0
µ(|~u(n−1) − ~u(n−2)|2)(s)ds

+
CLS

D

∫ t

0
E(~u(n−1) − ~u(n−2))(s)ds

)
.

Gronwall argument implies local existence :

sup
t∈[0,T ]

Σn(t) ≤ η(T ) sup
t∈[0,T ]

Σn−1(t),

where η(T ) = 4λ
γ eD 2λ

γ
T (DT + CLS) < 1 if T > 0 small enough.
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Existence of the weak solution on [0,T ]:
Let T > 0 fixed as before, if ϕ ∈ C∞([0,T ], (D ∩ LΦ(µ))4),∫ t

0
µ(ϕ∂su

(n)
1 )(s)ds = C1

∫ t

0
µ(ϕLu

(n)
1 )(s)ds

− λ
∫ t

0
µ(ϕu

(n)
1 u

(n−2)
2 )(s)ds + λ

∫ t

0
µ(ϕu

(n)
3 u

(n−1)
4 )(s)ds.

Integrate by parts with respect to s :

−
∫ t

0
µ(u

(n)
1 ∂sϕ)(s)ds + µ(u

(n)
1 ∂tϕ)(t)− µ(u

(n)
1 ∂tϕ)(0) = −

λ

∫ t

0
µ(ϕu

(n)
1 u

(n−2)
2 )(s)ds+λ

∫ t

0
µ(ϕu

(n)
3 u

(n−1)
4 )(s)ds−C1

∫ t

0
E(ϕ, u

(n)
1 )(s)ds

• Again the relative entropy inequality and the logarithmic sobolev
inequality imply a weak solution in [0,T ].
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• Estimate doesn’t depend on T > 0 → global solution in R+.

• Solution are nonnegative since u
(n)
i > are nonnegative.

• Uniqueness is proved in the same way.
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The main chemical equation is the following∑
i∈I

αiAi 

∑
i∈I

βiAi ,

with αi 6= βi for any i ∈ I . The main PDE is

∂tui = CiLui + (βi − αi )

 q∏
j=1

u
αj

j −
q∏

j=1

u
βj

j

.
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• Let I− = {i ∈ I , βi − αi > 0} and I+ = {i ∈ I , βi − αi < 0}.
We assume that ∀i− ∈ I−, ∃j+ ∈ I+ such that

Ci−

|βi− − αi− |
=

Ci+

|βi+ − αi+ |
,

Iterated procedure :

∂tu
(n)
i−

= Ci−Lu
(n)
i−

+ (βi− − αi−)

∏q
j=1(u

(n−1)
j )αj

(u
(n−1)
i )αi−−1

u
(n)
i−
−
∏q

j=1(u
(n−1)
j )βj

(u
(n−1)
i+

)βi+−1
u

(n)
i+

.
• For a weak solution, the logarithmic Sobolev constant has to be
smaller when max{αi , βi} and |I | is big.
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