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Elapsed time structured model

Based on K. Pakdaman, J. Champagnat, J.-F. Vibert

s represents the time elapsed since the last discharge

n(s, t) probability of finding a neuron in ’state’ s at time t

N(t) = activity of the network

∂n(s,t)
∂t

elapsed time advances︷ ︸︸ ︷
+
∂n(s, t)

∂s
+

firing neurons︷ ︸︸ ︷
r(s, bN(t)) n(s, t) = 0,

N(t) := n(s = 0, t) =

∫ +∞

0
r(s, bN(t)) n(s, t)ds︸ ︷︷ ︸

reset of firing neurons

,



The renewal equation

{
∂n(s,t)
∂t + ∂n(s,t)

∂s + r(s) n(s, t) = 0,

N(t) := n(s = 0, t) =
∫ +∞

0 b(s) n(s, t)ds

We want a steady state (compute the growth rate)

Long standing equation (Feller, renewal process)



The renewal equation

{
∂n(s,t)
∂t + ∂n(s,t)

∂s + [λ+ r(s)] n(s, t) = 0,

N(t) := n(s = 0, t) =
∫ +∞

0 b(s) n(s, t)ds

We look for the first eigenfunction/eigenvalue{
∂n̄(s)
∂s + [λ+ r(s)] n̄(s) = 0

n̄(s = 0) =
∫ +∞

0 b(s) n̄(s)ds

n̄(s) > 0



The renewal equation

We look for the first eigenfunction/eigenvalue{
∂n̄(s)
∂s + [λ+ r(s)] n̄(s) = 0,

n̄(s = 0) =
∫ +∞

0 b(s) n̄(s)ds

n̄(s) = n̄(0)e−R(s)−λs , R(s) =

∫ s

0
r

In the boundary condition

n̄(0) = n̄(0)

∫ ∞
0

b(s)e−R(s)−λsds

Find λ such that ∫ ∞
0

b(s)e−R(s)−λsds = 1



The renewal equation

{
∂n(s,t)
∂t + ∂n(s,t)

∂s + [λ+ r(s)] n(s, t) = 0,

N(t) := n(s = 0, t) =
∫ +∞

0 b(s) n(s, t)ds

n̄(s) = n̄(0)e−R(s)−λs , R(s) =

∫ s

0
r

Find λ such that ∫ ∞
0

b(s)e−R(s)−λsds = 1

When b(·) = r(·) then λ = 0



The renewal equation

{
∂n(s,t)
∂t + ∂n(s,t)

∂s + [λ+ r(s)] n(s, t) = 0,

N(t) := n(s = 0, t) =
∫ +∞

0 b(s) n(s, t)ds

n̄(s) = n̄(0)e−R(s)−λs ,

∫ ∞
0

b(s)e−R(s)−λsds = 1

Prove that
n(s, t)→ ρ̄n̄(s)

Use Generalized Relative Entropy



The renewal equation

{
∂n(s,t)
∂t + ∂n(s,t)

∂s + [λ+ r(s)] n(s, t) = 0,

N(t) := n(s = 0, t) =
∫ +∞

0 b(s) n(s, t)ds

n(s, t)→ ρ̄n̄(s)

Dual eigenfunction

∂φ(s)

∂s
− [λ+ r(s)] φ(s) = −φ(0)b(s)

We have
d

dt

∫
n(s, t)φ(s)ds = 0∫

n(s, t = 0)φ(s)ds = ρ̄

∫
n̄(s)φ(s)ds

So the dual eigenfunction is important



The renewal equation

{
∂n(s,t)
∂t + ∂n(s,t)

∂s + [λ+ r(s)] n(s, t) = 0,

N(t) := n(s = 0, t) =
∫ +∞

0 b(s) n(s, t)ds

Dual eigenfunction

∂φ(s)

∂s
− [λ+ r(s)] φ(s) = −φ(0)b(s)

Usually for a conservative equation φ ≡ 1

For example, when b(·) = r(·), then λ = 0.

Then the relative entropy is
∫∞

0 n̄(s)H(n(s,t)
n̄(s) )ds

Other standard example is the Fokker-Planck equation



The renewal equation

{
∂n(s,t)
∂t + ∂n(s,t)

∂s + [λ+ r(s)] n(s, t) = 0,

N(t) := n(s = 0, t) =
∫ +∞

0 b(s) n(s, t)ds

∂φ(s)

∂s
− [λ+ r(s)] φ(s) = −φ(0)b(s)

The Generalized Relative Entropy is, with u(s, t) = n(s,t)e−λt

n̄(s)

E (t) :=

∫ ∞
0

φ(s)n̄(s)H(u(s, t))ds



The renewal equation

{
∂n(s,t)
∂t + ∂n(s,t)

∂s + [λ+ r(s)] n(s, t) = 0,

N(t) := n(s = 0, t) =
∫ +∞

0 b(s) n(s, t)ds

∂φ(s)

∂s
− [λ+ r(s)] φ(s) = −φ(0)b(s)

The Generalized Relative Entropy is, with u(s, t) = n(s,t)e−λt

n̄(s)

E (t) :=

∫ ∞
0

φ(s)n̄(s)H(u(s, t))ds

dE (t)

dt
= −DH(t)φ(0)

DH(t) =

∫
b(s)n̄(s)H

(
n(s, t)

n̄(s)

)
ds − H

(∫
b(s)n̄(s)

n(s, t)

n̄(s)
ds
)

> 0 by Jensen inequality



The renewal equation

And a Poincaré inequality ?

ν

∫ ∞
0

φ(s)n̄(s)|u(s)|ds ≤
∫

b(s)n̄(s)|u(s)|ds −
∣∣ ∫ ∞

0
b(s)n̄(s)u(s)ds

∣∣
when ∫

b(s)n̄(s) = 1,

∫
u(s)n̄(s)φ(s)ds = 0

Theorem
If b(·) ≥ νφ(s), then the Poincaré inequality holds true.



The renewal equation

Poincaré inequality

ν

∫ ∞
0

φ(s)n̄(s)|u(s)|ds ≤
∫

b(s)n̄(s)|u(s)|ds −
∣∣ ∫ ∞

0
b(s)n̄(s)u(s)ds

∣∣
when ∫

b(s)n̄(s) = 1,

∫
u(s)n̄(s)φ(s)ds = 0

Proof of Poincaré inequality∣∣ ∫ ∞
0

b(s)n̄(s)u(s)ds
∣∣ =

∣∣ ∫ ∞
0

[b(s)− νφ(s)]n̄(s)u(s)ds
∣∣



The renewal equation

Poincaré inequality

ν

∫ ∞
0

φ(s)n̄(s)|u(s)|ds ≤
∫

b(s)n̄(s)|u(s)|ds −
∣∣ ∫ ∞

0
b(s)n̄(s)u(s)ds

∣∣
when ∫

b(s)n̄(s) = 1,

∫
u(s)n̄(s)φ(s)ds = 0

Proof of Poincaré inequality∣∣ ∫ ∞
0

b(s)n̄(s)u(s)ds
∣∣ =

∣∣ ∫ ∞
0

[b(s)− νφ(s)]n̄(s)u(s)ds
∣∣

≥
∫ ∞

0
[b(s)− νφ(s)]n̄(s)|u(s)|ds



The renewal equation

Poincaré inequality

ν

∫ ∞
0

φ(s)n̄(s)|u(s)|ds ≤
∫

b(s)n̄(s)|u(s)|ds −
∣∣ ∫ ∞

0
b(s)n̄(s)u(s)ds

∣∣
when ∫

b(s)n̄(s) = 1,

∫
u(s)n̄(s)φ(s)ds = 0

Proof of Poincaré inequality∣∣ ∫ ∞
0

b(s)n̄(s)u(s)ds
∣∣ =

∣∣ ∫ ∞
0

[b(s)− νφ(s)]n̄(s)u(s)ds
∣∣

≥
∫ ∞

0
[b(s)− νφ(s)]n̄(s)|u(s)|ds

=

∫ ∞
0

b(s)n̄(s)|u(s)|ds −
∫ ∞

0
νφ(s)n̄(s)|u(s)|ds



Floquet case

The GRE is robust{
∂n(s,t)
∂t + ∂n(s,t)

∂s + r(s, t) n(s, t) = 0,

N(t) := n(s = 0, t) =
∫ +∞

0 b(s, t) n(s, t)ds

Assume that r(s, t), b(s, t) are time periodic



Floquet case

{
∂n(s,t)
∂t + ∂n(s,t)

∂s + [λF + r(s, t)] n(s, t) = 0,

N(t) := n(s = 0, t) =
∫ +∞

0 b(s, t) n(s, t)ds

r(s, t), b(s, t) are time periodic



Floquet case

{
∂n(s,t)
∂t + ∂n(s,t)

∂s + [λF + r(s, t)] n(s, t) = 0,

N(t) := n(s = 0, t) =
∫ +∞

0 b(s, t) n(s, t)ds

r(s, t), b(s, t) are time periodic{
∂n̄(s,t)
∂t + ∂n̄(s,t)

∂s + [λF + r(s, t)] n̄(s, t) = 0,

N̄(t) := n̄(s = 0, t) =
∫ +∞

0 b(s, t) n̄(s, t)ds

∂φ̄(s, t)

∂t
+
∂φ̄(s, t)

∂s
− [λF + r(s, t)] φ̄(s, t) = φ(0, t)b(s, t),

with
n̄(s, t) > 0, φ̄(s, t) > 0 time periodic



Floquet case

{
∂n(s,t)
∂t + ∂n(s,t)

∂s + [λF + r(s, t)] n(s, t) = 0,

N(t) := n(s = 0, t) =
∫ +∞

0 b(s, t) n(s, t)ds

The Generalized Relative Entropy is

E (t) :=

∫ ∞
0

φ̄(s, t)n̄(s, t)H(
n(s, t)

n̄(s, t)
)ds

dE (t)

dt
= −DH(t)φ(0, t)

DH(t) =

∫
b(s, t)n̄(s, t)H

(
n(s, t)

n̄(s, t)

)
ds − H

(∫
b(s, t)n̄(s, t)

n(s, t)

n̄(s, t)
ds
)

> 0 by Jensen inequality



Floquet case
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Elapsed time structured model

∂n(s,t)
∂t

elapsed time advances︷ ︸︸ ︷
+
∂n(s, t)

∂s
+

firing neurons︷ ︸︸ ︷
r(s, bN(t)) n(s, t) = 0,

N(t) := n(s = 0, t) =

∫ +∞

0
r(s, bN(t)) n(s, t)ds︸ ︷︷ ︸

reset of firing neurons

,

Theorem For small or large connectivity (b > 0 small or large)
then desynchronization still holds

n(s, t) −→
t→∞

Pb(s)



Elapsed time structured model

∂n(s,t)
∂t

elapsed time advances︷ ︸︸ ︷
+
∂n(s, t)

∂s
+

firing neurons︷ ︸︸ ︷
r(s, bN(t)) n(s, t) = 0,

N(t) := n(s = 0, t) =

∫ +∞

0
r(s, bN(t)) n(s, t)ds︸ ︷︷ ︸

reset of firing neurons

,

Theorem For small or large connectivity (b > 0 small or large)
then desynchronization still holds

n(s, t) −→
t→∞

Pb(s)

• In the middle range connectivity there are several periodic
solutions (analytic forms of solutions),

• These are stable (observed numerically).



Elapsed time structured model

∂n(s,t)
∂t

elapsed time advances︷ ︸︸ ︷
+
∂n(s, t)

∂s
+

firing neurons︷ ︸︸ ︷
r(s, bN(t)) n(s, t) = 0,

N(t) := n(s = 0, t) =

∫ +∞

0
r(s, bN(t)) n(s, t)ds︸ ︷︷ ︸

reset of firing neurons

,

Theorem For small or large connectivity (b > 0 small or large)
then desynchronization still holds

n(s, t) −→
t→∞

Pb(s)

• Most accurate results today : Mischler, Cañizo-Yoldas



Elapsed time structured model

∂n(s,t)
∂t

elapsed time advances︷ ︸︸ ︷
+
∂n(s, t)

∂s
+

firing neurons︷ ︸︸ ︷
r(s, bN(t)) n(s, t) = 0,

N(t) := n(s = 0, t) =

∫ +∞

0
r(s, bN(t)) n(s, t)ds︸ ︷︷ ︸

reset of firing neurons

,

35 40 45 50 55 60 65 70 75 80
0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

Right : Conhaim et al (2011) J. of physiology 589(10) 2529-2541.



Comparison with I&F
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Elapsed time and IF

We encountered two equations

Time elapsed
∂tn + ∂sn + r(s)n = 0,

n(s = 0, t) =
∫∞

0 r(s)n(s, t)ds =: N(t),

n(s, 0) = n0(s),

LIF {
∂t n̂ + ∂v [h(v)n̂]− a∂2

vv n̂ = N(t)δ(v − VR),

n̂(VF , t) = 0, N(t) := −a∂v n̂(VF , t).

Is there a connection between these two equations ?



Elapsed time and IF

From G. Dumont and J. Henry (linear equations)

Being given VR , VF , h(·) and{
∂t n̂ + ∂v [h(v)n̂]− a∂2

vv n̂ = N(t)δ(v − VR),

n̂(VF , t) = 0, −a∂v n̂(VF , t) = N(t).

Theorem There are functions r(s), q(v , s) such that, for solutions
of 

∂tn + ∂sn + r(s)n = 0,

n(s = 0, t) =
∫∞

0 r(s)n(s, t)ds =: N(t),

n(s, 0) = n0(s),

then, with the same N(t), we have

n̂(v , t) =

∫ ∞
0

q(v , s)n(s, t)ds



Elapsed time and IF


∂sq(v , s) + ∂v [h(v)q]− ∂2

vvq = r(s)q

q(VF , s) = 0

q(v , s = 0) = δ(v − VR)

r(s) := −∂vq(VF , s) (implicit)

We notice that

∫ VF

−∞
q(v , s)dv = 1, ∀s ≥ 0.

Because

d

ds

∫ VF

−∞
q(v , s)dv + r(s) = r(s)

∫ VF

−∞
q(v , s)dv .

Next, let n(s, t) solve the age structure equation
∂tn + ∂sn + r(s)n = 0,

n(s = 0, t) =

∫ ∞
0

r(s)n(s, t)ds =: N(t),

n(s, 0) = n0(s), with

∫ ∞
0

n0(s)ds = 1.



Elapsed time and IF

Is there a solution to
∂sq(v , s) + ∂v [h(v)q]− ∂2

vvq = r(s)q

q(VF , s) = 0

q(v , s = 0) = δ(v − VR)

r(s) := −∂vq(VF , s) (implicit)



Elapsed time and IF

Is there a solution to
∂sq(v , s) + ∂v [h(v)q]− ∂2

vvq = r(s)q

q(VF , s) = 0

q(v , s = 0) = δ(v − VR)

r(s) := −∂vq(VF , s) (implicit)


∂sq0(v , s) + ∂v [h(v)q0]− ∂2

vvq0 = 0

q0(VF , s) = 0

q0(v , s = 0) = δ(v − VR)

and set

q(v , s) =
q0(v , s)∫
q0(v , s)dv



Networks of networks
∂tn(s, x , t) + ∂sn + r(s,S(t, x))n = 0,

N(x , t) := n(s = 0, x , t) =

∫ ∞
0

r(s)n(s, x , t)ds

dS(t, x)

dt
+ S(t, x) =

∫
w(x , y)N(t, y)dy



Networks of networks
∂tn(s, x , t) + ∂sn + r(s,S(t, x))n = 0,

N(x , t) := n(s = 0, x , t) =

∫ ∞
0

r(s)n(s, x , t)ds

dS(t, x)

dt
+ S(t, x) =

∫
w(x , y)N(t, y)dy

Assume quasi-steady state

n(s, x) = n(0, x) exp(R(s, x ,N )),

∫
n(s, x)ds = 1

N(x , t) =
( ∫

exp(−R(s,S(x , t))ds
)−1



Networks of networks
∂tn(s, x , t) + ∂sn + r(s,S(x , t))n = 0,

N(x , t) := n(s = 0, x , t) =

∫ ∞
0

r(s)n(s, x , t)ds

dS(t, x)

dt
+ S(t, x) =

∫
w(x , y)N(y , t)dy

Assume quasi-steady state

n(s, x) = n(0, x) exp(R(s, x ,N )),

∫
n(s, x)ds = 1

N(x , t) =
( ∫

exp(−R(s,S(x , t))ds
)−1

One gets Wilson-Cowan type model

dS(x , t)

dt
+ S(x , t) =

∫
w(x , y)σ

(
S(y , t)

)
dy



CONCLUSION
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