Evolution equations in a Banach space

27 April 2006

1 Solutions of an evolution equation in an ab-
stract separable Banach space

This notes contain well-known results on the equivalence of several concepts
of solution to an evolution equation. They are based on personal notes by
Stphane Mischler [2].

We are interested in defining the concept of solution to the following
evolution equation in a certain complete separable normed space X:

d

where F': (0,7) — X (for some 0 < T < 4+00). We also want to define a
solution of the initial value problem

d
Sf=F 2)
F(0)=f° (3)

for some f0 € X.!

There are many concepts of solution that occur naturally, and in many
situations one cannot just stick to one of them and study solutions in that
sense. It is good to be able to find solutions with strong differentiability,
but it might be difficult to prove their existence, so one usually needs to
find solutions in a weaker sense first. Actually, it may happen that some

!The theory developed here is valid for a general interval I C R instead of (0,7") and
a point ¢ € I instead of 0, with minor modifications.



problems have solutions in a weak sense but not strong solutions, so some of
the properties and behavior of the equation is lost if we only look at strong
solutions.

Here we will always suppose that F' : (0,7) — X is integrable. Under
this regularity requirement we will be able to prove that all the concepts
or solution of equation (1) or the initial value problem (2) defined below
are indeed the same one. We will make use of the theory of integration of
functions with values on a Banach space; for an introduction see [1].

Let us first state the different definitions of solution we will consider.
In the following, X is a complete separable normed space, T € (0, +o0], f
is a function f : (0,7') — X (with no particular regularity assumed) and
F:(0,T)— X isin L'((0,T), X). Here we mean a concrete function F' and
not a class of functions in L'((0,7'), X), though the following definitions are
the same if F' is changed in a set of measure zero. We will denote the norm
of X by .

Some of the definitions below have a distinctive name (such as “mild
solution” or “weak solution”) and others are stated simply as “solutions”. We
will always make clear which definition we are talking about when referring
to these.

1.1 Definitions of solution to the equation

Definition 1.1 (Mild solution). We say that f : (0,7) — X is a mild solu-
tion (or solution in the sense of semigroups) to equation (1) if f is continuous
in the norm topology and

f(t2) = f(t1) + /:2 F(s)ds for all t1,ts € (0,7T). (4)

Definition 1.2 (Mild solution, no regularity). We say that f : (0,7) —
X is a solution to equation (1) if

f(t2) = f(t1) + /tt2 F(s)ds for almost all (t1,t5) € (0,T)>. (5)

Definition 1.3 (Solution in the sense of moments). We say that f :
(0,T) — X is a solution in the sense of moments to equation (1) if f is



weakly continuous and

(f(t2),d) = (f(t1), @) +/tQ (F(s),¢) ds for all t1,t, € (0,T), ¢e X'
1 (6)

Remark 1.4. By weakly continuous we mean that f: (0,7) — X is continu-
ous when the weak topology in X is considered (and the usual one in (0,7)).
This is equivalent to the statement that ¢ — (f(t), @) is continuous for all
pe X

Remark 1.5. Note that, for all ¢ € X', s — (F(s), ¢) is integrable in (0,7),
since I : (0,7) — X is integrable (see [1], part I, I11.2.19 (c)).

Definition 1.6 (Solution in the sense of moments, no regularity).
We say that f: (0,7) — X is a solution to equation (1) if for all ¢ € X' it
holds that

(f(t2), ) = (f(t1),0) + /t 2 (F(s),¢) ds for almost all (t,t5) € (0,T)
1 ™)

Definition 1.7. Let D C X’ be dense in the weak-* topology. We say that
f:(0,T) — X is a solution to equation (1) if the conditions in definition 1.6
hold for for all ¢ € D (instead of all ¢ € X').

Definition 1.8 (Weak solution). We say that f : (0,7) — X is a weak
solution to equation (1) if for all ¢ € X’ we have that ¢ — (f(¢), ¢) is locally
integrable in (0,7") and

/0 (f(s), ) %w(s) ds = —/0 (F(s),p)w(s)ds forallp e X' e CX(0,T).
(8)

Definition 1.9. Let D C X’ be dense in the weak-* topology. We say that
f:(0,T) — X is a solution to equation (1) if the conditions in definition 1.8
hold for for all ¢ € D (instead of all ¢ € X').

1.2 Definitions of solution to the initial value problem

The previous definitions can be easily modified to give definitions of solution
to the initial value problem (2); we state them here in the same order as
before; note that the conditions in the definitions below clearly include those
in the corresponding definition from the previous section.
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Definition 1.10 (Mild solution). We say that f : (0,7) — X is a mild
solution (or solution in the sense of semigroups) to the initial value problem
(2) if f is continuous in the norm topology and

ft) = f°+/0tF(s) ds forallt € (0,T). (9)

Definition 1.11 (Mild solution, no regularity). We say that f : (0,7) —
X is a solution to the initial value problem (2) if

ft)=f"+ /OtF(s) ds  for almost all t € (0, 7). (10)

Definition 1.12 (Solution in the sense of moments). We say that f :
(0,T) — X is a solution in the sense of moments to the initial value problem
(2) if f is weakly continuous and

t

<f(t),¢>:<f0,¢>+/0<F(s),q§) ds forallte (0,T), ¢ecX'. (11)

Definition 1.13 (Solution in the sense of moments, no regularity).
We say that f: (0,7) — X is a solution to the initial value problem (2) if
for all p € X' it holds that

t

(f(t),0)={(f"%0) +/0 (F(s),¢) ds for almost all t € (0,7).  (12)

Definition 1.14. Let D C X’ be dense in the weak-* topology. We say that
f:(0,7) — X is a solution to the initial value problem (2) if the conditions
in definition 1.13 hold for for all ¢ € D (instead of all ¢ € X’).

Definition 1.15 (Weak solution). We say that f : (0,7) — X is a weak
solution to the initial value problem (1) if for all ¢ € X’ we have that
t— (f(s), o) is locally integrable in (0,7") and

| 06)0) Totrds == (.0} v0) - [P0 vis)ds

forall p € X' ¢ €CH[0,T)). (13)

Definition 1.16. Let D C X’ be dense in the weak-* topology. We say that
f:(0,7) — X is a solution to the initial value problem (2) if the conditions
in definition 1.15 hold for for all ¢ € D (instead of all ¢ € X’).
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The following definitions are easily seen to be equivalent to definitions
1.10 and 1.12, respectively:

Definition 1.17. We say that f: (0,7) — X is a mild solution (or solution
in the sense of semigroups) to the initial value problem (2) if it is a mild
solution to equation (1) and || f(¢) — f°|| — 0 when ¢t — 0.

Definition 1.18. We say that f : (0,7) — X is a solution in the sense of
moments to the initial value problem (2) if it is a solution in the sense of
moments to equation (1) and f(¢) — f° in the weak topology when ¢ — 0.

1.3 Existence of solutions

Theorem 1.19. There exists a mild solution f to equation (1), given by the
primitive of F':

Another function g is a mild solution if and only if it differs from f by a
constant: for some x € X it happens that f(t) — g(t) = x for allt € (0,T).
The only mild solution to the initial value problem (2) is given by

h(t) = f° + /OtF(s) ds.

Proof. 1t is obvious from the properties of the integral that the f defined
in the statement is a mild solution to equation (1). If ¢ is any other mild
solution, fix t; € (0,7); it is clear from (4) written for f and ¢ that the
difference between f(t9) and g(t2) is f(t1)—g(t1) for all t5 € (0,T'); conversely,
adding a constant in X to a solution gives another solution. Hence, the
function h defined in the theorem is a solution and also a mild solution of
the initial value problem (2) (according to definition 1.10).

The solution to the initial value problem is unique, as we have proved
that any other solution differs from it by a constant x # 0 and so does not
satisfy equation (9). O

1.4 Equivalence of the definitions of solution

Under the previous assumptions, these definitions are equivalent: a solution
in the sense of any of them is also a solution in the sense of all the others,
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possibly after being changed in a set of measure zero. The key assumption
is the regularity of the function F' in equation (1); some of these solutions
make sense when F' is less regular and then it may happen that not all of
these concepts are equivalent; however, they are when F' is integrable. Let
us prove this.

Theorem 1.20 (Equivalence of the concepts of solution to the equa-
tion). If a function f: (0,T) — X is a solution to equation (1) in the sense
of any of the previous definitions, then it can be modified in a set of measure
zero so that it becomes a solution to equation (1) in the sense of all of the
previous definitions.

In the following proof we say that a given definition implies some other
if a solution in the sense of the former must also be a solution in the sense
of the latter. Though it looks long, the only difficulty in it lies in going “up
hill” to show that a weak solution is a.e. equal to a strong solution; the rest
— proving that every solution implies the next one (in the order given here)
— is done by means of straightforward arguments.

Proof. Definition 1.1 includes definition 1.2. Conversely, if f is a solution in
the sense of definition 1.2, then fix ¢; € (0,7") such that (5) holds for almost
all ty € (0,T); we see that f(t) coincides with f(t) := f(t;) + fttl F(s)ds for
almost all ¢ € (0,7"), and this latter function is a mild solution as we know
from theorem 1.19.

A solution according to definition 1.1 is also a solution according to 1.3:
the regularity of f is already given, and (6) can be obtained by applying ¢
to the equality (4) (recall that <fttl2 F(s) ds,¢> = ;12 (F(s),¢) ds; see for
example [1], part I, 111.2.19 (c)).

Definition 1.3 clearly implies definition 1.6; definition 1.6 implies 1.7.
Actually, definition 1.7 also implies definition 1.6; this can be seen by taking
a sequence {¢,} of elements in D that converges weak-* to a given ¢ € X'.
One can pass to the limit in equation (7) (written for ¢,,) by using the usual
dominated convergence theorem for real functions, as ||¢,|| is bounded by
some constant K > 0 and thus [(F(s),¢)| < K || F(s)||, which is integrable
in s.

It is easy to see that definition 1.6 implies definition 1.8: let f be a
solution according to definition 1.6. Pick any ¢ € X’ and fix t; € (0,7) so
that (7) holds for almost all t5 € (0,7"). This shows that ty — (f(t2), ) is



locally integrable in (0,7") (actually, it is equal a.e. to the right hand side, a
continuous function).

Now take any ¢ € C}(0,T) and fix ¢; < inf supp ¢ such that (7) holds for
almost all t5 € (0,7"). Multiply (7) by %@Z) and integrate:

|00 Getsas
= <f<t1),¢>/ S0 )ds+/ /t (F(T),¢) %w(s)des

0

/tl /t Cp(s) dr ds
// ()dsdT

=/ (F () ¢>>/ i(s) dsdr

t1 T

T T
- [ e vdr == [P0 i
1

Definition 1.8 evidently implies 1.9; 1.9 also implies 1.8, as we can use
the same argument used to prove that definition 1.7 implies definition 1.6.

Let us gather what we have proved. If we write “definition A implies
definition B” as A = B and “a solution in the sense of definition A is a.e.
equal to a solution in the sense of definition B” as A --+ B, then we have
that 1.1 — 1.3 = 1.6 = 1.8. Also, 1.1 = 1.2--51.1,16 < 1.7
and 1.8 & 1.9. If we prove that a solution in the sense of definition 1.8 is
equal to a solution in the sense of definition 1.1 a.e. (1.8 --» 1.1), then the
theorem is proved.

So, let f be a weak solution to equation (1), and take ¢ € X'. Equation
(8) means that

d

5 (), 9) = (F(t),¢)  inD(0,T).

As t— (F(t), ¢) is integrable on (0,7, from the theory of distributions we

know that there exists C' € R and a set Eg C (0,7") such that (0,7)\ E, has
measure zero and

(f(t),0)=C+ /Ot (F(s),¢) ds forallt € E,.
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Hence, for all (tl,tQ) S E¢ X E¢,

to
Flt2).0) = (1000 + [ (FGs).0) ds

1
(We already have definition 1.6). The problem is that the set E,; depends
on ¢; if it was true for all ¢ and a fixed set F, then the last equality would
imply (5) (if a,b € X are such that (a,®) = (b, ¢) for all p € X’ then a = b;
apply this for a = f(t2), b = f(t1) + fttf F(s)ds). To overcome this, take
{én}nen a countable subset of X’ which is dense in the weak-* topology on
X'. This can be done because when X is separable (for the norm topology),
X' is separable for the weak-* topology (actually, every ball in X’ is weak-x
compact, and every ball is also metrizable; hence, the weak-x topology in
every ball is separable; see [1, theorems V.4.2, V.5.1, 1.6.19]).?> Then the
argument above, applied to each ¢,, proves that with

E:= () E,,

neN

we have that

(f(ts), dn) = (f(tl),¢n)+/ C(F(s),6n) ds foralln €N, (t,t) € EXE.

t1
(14)
Note that, E being the intersection of countably many sets whose comple-
ments have measure zero, (0,7) \ £ has measure zero. Now, for any ¢ € X’
we can choose a sequence {@p(m)tmen Which converges weak-* to ¢ and pass
to the limit in (14) with the help of the dominated convergence theorem (as
we did earlier in the proof) to obtain that

[2)

<f(t2)7¢> = <f(t1)7¢>+/ <F(S)7¢> ds for a11¢€X/7 (t17t2) € EXxE.
t1

This does imply, as explained above, the conditions in definition 1.2, and so

f coincides a.e. with a solution in the sense of definition 1.1. This finishes

the proof. O

2Another way to see this: one can show that, given {z,} a countable dense subset of
X, the family of sets

{pe X' |s<(pan,)<rfori=1,...,k} forr,seQ, keN, ny,....,nz €N

forms a countable base for the weak-+ topology in X'.
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1.5 Equivalence of the definitions of solution to the
initial value problem

Theorem 1.21. If a function f : (0,7) — X is a solution to the initial
value problem (2) in the sense of any of the definitions in section 1.2, then
it can be modified in a set of measure zero so that it becomes a solution to
the initial value problem in the sense of all of the definitions in section 1.2.

Proof. If f is a solution to the initial value problem (2) in the sense of any
of our definitions, then in particular it is a.e. equal to a solution to equation
(1) in the sense of any of the definitions 1.1-1.9, thanks to theorem 1.20.
Hence, it is a.e. equal to a solution which is continuous on (0,7"), which
we still denote by f. It is enough then to prove that a continuous function
f :(0,7) — X which is a solution to the i.v.p. in the sense of any of the
definitions 1.10-1.16 is also a solution to the i.v.p. in the sense of all the
others.

It is easy to see, using very similar arguments to those in the proof of
theorem 1.20, that if f is continuous in the norm topology then every defini-
tion implies the next one, in the order given. The only difficulty is to show
that if f satisfies 1.16, then it satisfies 1.10. Let us prove this.

Observe first that f can be extended continuously to [0,7"). Take any
decreasing sequence t,, — 0. As f is a mild solution to the equation (1), for
any m > n we have

1£(t) — F(tw)] < / R ds < / IF ()] ds,

which tends to 0 when n — oo. Hence, f(t,) is a Cauchy sequence, so it
is convergent in X (as X is complete). As this is true for any decreasing
sequence t, — 0, we know that f(¢) has a limit when t — 0. Define f(0)
as this limit; this makes f : [0,7) — X continuous. Taking the limit when
t; — 0 in (4) we obtain that

f(t):f(0)+/0tF(s)ds for all t € (0,7),

so f is a solution of the initial value problem (2) with initial value f(0); we
need to show that f(0) = f° But we know definition 1.10 implies the rest



of definitions, so in particular we have that

| 06)0) Tvtrds = = (10).0)00) = [ (F(s) )0
forallp € D € CH[0,T)).

As f is a solution of the initial value problem in the sense of definition 1.16,
the same is true with f° instead of f(0). Hence,

(f(0),0) = (f%¢) forall ¢e€D.
This proves that f(0) = f©. ]

2 Solutions of an evolution equation in L'

Let Q be an open subset of RY and 1 a positive Borel measure on 2. We can
put X = LY(Q, u) (which we denote as L'(Q2), understanding the measure
i) in the previous section and obtain several definitions of solution of an
evolution equation in L'(2), which have been proved to be equivalent when
the F' in equation (1) is regular enough. Here we want to particularize the
definitions in this case and add another one when p is finite on compact sets,
that of renormalized solution, which does not have a direct analogy in an
abstract Banach space.

Of course, definitions in the previous section do directly apply to the
case X = LY(Q), but it is sometimes more convenient to phrase them in
slightly different terms: equality between functions in L' is usually expressed
as equality a.e., and an integrable function F' : (0,7) — L'(Q) is more
commonly regarded as a real integrable function on (0,7) x 2. We start by
stating this latter relationship precisely, after [1, theorem II1.11.16]:

Theorem 2.1. Let 0 < T < 400 and (S, A, ) be a positive measure space.

We consider the Lebesgue measure dt on (0,T) and the product measure dt@u
n (0,7) x S.

1. If f - (0,T) — LYS) is integrable, then there exists an integrable

function f : (0,T) x S — R such that f(t,-) = f(t) for almost all
te(0,7).

10



2. Let f . (0,T) xS — R be an integrable function. Then the function
f:(0,T) — LYS) defined for almost all t € (0,T) by f(t) := f(t,-) is

integrable.

In any of these cases fOT f(t,x)dt (which exists for almost all x € S) is
a.e. equal to fOT f(t)dt.

This enables us to speak interchangeably of integrable functions from
(0,T) to L*(€2) and integrable functions on (0,7") x 2.

Now we state definitions 1.1-1.9 in this particular case. Definitions of
solution of the initial value problem are the analogous modification of the
definitions in section 1.2 and are not explicitly given.

Below, 2 C R” is an open set and p is a positive Borel measure on 2
which is finite on compact sets.®> We always consider the Lebesgue measure
dt on (0,T), the measure y on  and the product measure dt®pu on (0,7") x 2.
All integrals are taken with respect to these measures; integrals with respect
to pu will be indicated with du(x). As before, T € (0,+o00]. Now, F :
(0,T) x 2 — R is a function in L'((0,T) x ), and again we mean a concrete
function F and not a class of functions in L'((0,7) x Q).

Definition 2.2 (Mild solution). We say that an integrable function f :
(0,7) x Q — R is a mild solution (or solution in the sense of semigroups)
to equation (1) if f is continuous in the norm topology (when viewed as a
function f : (0,7) — L'(Q) as specified in theorem 2.1) and for all ¢;,¢, €
(0,T) one has that

to
f(ta, ) = f(t1, 2) +/ F(s,xz)ds for almost all z € Q. (15)

t1

Definition 2.3 (Mild solution, no regularity). We say that f: (0,7) x
2 — R is a solution to equation (1) if f(¢,-) is integrable for almost all
t € (0,T) and for almost all (¢1,%5) € (0,T)? one has that

[2)
fte,z) = f(t1, ) +/ F(s,z)ds for almost all z € Q. (16)

t1

3The condition that y be finite on compact sets is imposed so that we can integrate all
continuous functions of compact support on €2, a fact which is used later to define weak
solutions.
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Definition 2.4 (Solution in the sense of moments). We say that f :
(0,T7) xQ — R is a solution in the sense of moments to equation (1) if f(¢,-)
is integrable for all t € (0,7), f is weakly continuous (when viewed as a

function f: (0,7) — L'(Q)) and

[ #tteyote) duto) = [ Fitr0)ota) duta 11/ s, 2)(x) dyu(z) ds

for all t1,t, € (0,T7), ¢ € L>=(Q). (17)

Definition 2.5 (Solution in the sense of moments, no regularity).
We say that f : (0,7) x Q — R is a solution in the sense of moments to
equation (1) if f(¢,-) is integrable for almost all ¢ € (0,7") and

[ stteyote) dnto) = [ sier)ota) duta /l/ 5, 2)(x) dyu(z) ds

for almost all (1,t5) € (0,7)%, ¢ € L>®(Q). (18)

Definition 2.6. Let D C L*°(Q) be dense in the weak-* topology. We say
that f : (0,7) x 2 — R is a solution to equation (1) if the conditions in
definition 2.5 hold for all ¢ € D (instead of all ¢ € L>(2)).

Definition 2.7 (Weak solution). We say that f : (0,7) x 2 — R is a weak
solution to equation (1) if f(¢,-) is integrable for almost all t € (0,7, f is
locally integrable in (0,7") x € and

//fs:cat@sx)d,u // s,x) (s, x) du(z) ds

for all ¢ € D((0,7T) x Q). (19)

Remark 2.8. It is not difficult to see that this definition is equivalent to
definition 1.9 in our present case (X = L'(Q)): first, note that all functions
in D((0,T) x ) are dt ® p-integrable (as p is a Borel measure, and finite on
compact sets). If we take ¢ of the form (¢, z) = ¢(x)1(t) for ¢, 1» C* and of
compact support, then one sees that the previous definition implies definition
1.9, as D() is weak-* dense in L>°(€2) (seen as the dual space of L'(€, p)).
Conversely, definition 1.9 implies this one: if we call Y the set spanned by
functions ¢ of the form (¢, z) = ¢(x)y(t) with ¢ € D(Q), v € D(0,T), then
one can uniformly approximate functions in D((0,7") x ) by functions in Y’
so that 0,y is also uniformly approximated.
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Remark 2.9. When defining solutions to the initial value problem, the con-
dition that f(t,-) is integrable for almost all ¢ € (0,7") can be omitted in
definitions 2.3 and 2.7, as it is implied by the fact that the initial condition
is in L'(Q) and F': (0,7) x Q — R is integrable.

2.1 Renormalized solutions
The following definition is new:

Definition 2.10 (Renormalized solution). We say that a measurable
function f : (0,7) x Q — R is a renormalized solution of equation (1) if, in
the sense of distributions in (0,77) x €,

%mf) =B(f)F forall B € CY(R). (20)

Remark 2.11. The notation C1*( A) represents the set of all bounded functions
with continuous and bounded first-order derivatives in a set A C R¥.

Remark 2.12. Note that the expressions in the definition make sense: [
being continuous and bounded, [(f) is measurable and bounded, so it is
a distribution; for similar reasons f'(f) is in L>*((0,7) x Q), so B'(f)F is
integrable on (0,7") x © and in particular is a distribution.

Theorem 2.13. Let f be a renormalized solution to equation (1). If f is in
LY((0,T) x Q), then f is almost everywhere equal to a solution to (1) in the
sense of all of our previous definitions.

Proof of theorem 2.13. We will prove that a renormalized solution f which
is also integrable must be a weak solution (which implies the result thanks
to theorem 1.20. Equation (20) means that for all ¢ € D((0,7") x )

T T
[ [ Bt onaets. ) duteyas = [ [ 370Dl e, dute) ds.
o Jao 0o Jo 1)
Take 3,(s) = [, p(¥)dy, with p a C'* function which is 1 on [-1,1], 0
outside [—2,2] and is always between 0 and 1. Then obviously |3,(s)| < |s|.
Now, 3! (f) converges pointwise to the constant 1 function and is uniformly
bounded in n. By the dominated convergence theorem, this enables us to
pass to the limit in the right hand side of equation (21) written for 3, instead
of 8. To pass to the limit in the left hand side, note that [3,(f) converges
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pointwise to f and |3,(f)| < |f], which is integrable by hypothesis. Then,
the dominated convergence theorem finishes the proof. O

Remark 2.14. The condition that f is integrable is necessary. For an example
of a renormalized solution which is not a weak or mild solution, take an F
which is, say, differentiable and of compact support, and consider a mild
solution f to (1), so that f is also differentiable. Then define

f(t,x) == f(t,x) + h(x) forall (t,z) € (0,T) x Q,

where h : 0 — R is any non-integrable differentiable function. Then f is
not integrable (so it is not a mild solution), but it is still a renormalized
solution. It is easy to prove this, as in this case we can operate directly. For
any ¢ € C((0,T) x ) we have:

/:/ﬂﬁ(f)ataﬁdﬂ(:c) dt = —/OT/Qatﬁ(f)qsdﬂ(x) dt
- _/oT/Qﬁlmat(Hh)‘bd“(x) dt = —/OT/Qﬁ'(f)Fczﬁdu(x) dt.

Nevertheless, here we do not need to care much about the fact that renor-
malized solutions may not be solutions according to the other definitions,
as the distinction is not important for our purposes. In fact, we could have
included the condition that f be integrable in the definition of renormalized
solution; it was not done this way so that the definition is simpler and does
not include any apparently unnecessary conditions.

Theorem 2.15. Let f be a solution to equation in the sense of any of the
definitions 2.2— 2.7. Then, f is also a renormalized solution to equation (1).

Proof. As we know all definitions are equivalent, it is enough to prove that
a solution to equation (1) in the sense of definition 2.2 is also a renormalized
solution. To do this we will regularize our equation and then pass to the
limit, but let us first extend f and F' to R x €2 so that calculations become
easier later: extend F' to R x ) by zero and define

f(&,) = f(T,) fort > T,
f(t,-) = f(0,-) for t <0.

14



Now take p,, to be a regularizing sequence on R (for example, p,(t) :=
with p a nonnegative C* function with integral 1) and define for (t,z) €
R x €

Note that f, thus extended, is a solution to % f = F on R (not only on (0, T)).
1
=p(=t

[e o]

F.(t,x) := (Fxpp)(t,x) = /

o0

F(s,x)pn(t—s)ds:/ F(t—s,z)pn(s)ds,

[e.e] —00

faltes) = (Frap)lt) = [ fsoplt=s)ds= [~ ft—s.oms)ds

Then f, is a solution to equation (1) with F;, instead of F":

fultrsa) — fultanz) = /oo(f(tl—sx) Flts — 5,2))pu(s) ds

/ / F(r,2)pn(s deS—/ / (T — 8,2)pn(s)drds
to—s to
/ / (T —3,2)pn(s )deT—/ F.(7,x)dr.
to

It is easy to see that f,(¢,z) is differentiable in ¢ for almost all z € )
(as f(-,x) is integrable for almost all z € Q). In fact, as f, is a solution to
%fn = F,,, we know that

O fn(t,x) = Gp(t,x) for almost all (¢,z) € R x Q.

Hence, we can write the following for any 8 € CY*(R) and almost all z €
(note that we have omitted the variables (¢, z) below to make the expressions
more readable):

/ /ﬁ £k dp() dit = / /fw F) du() di
- / 3 G0doduta) dt - / [ 3G duto)

In order to pass to the limit in the previous expression, first observe that
fon — fin LY((0,T) x Q) (which is a common result on approximation by
convolution) and so 5(f,) — G(f) in the same space, as

B(fn) = BN < N8 lo [fn = 1
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This allows us to pass to the limit in the first term. For the last one, as
G, — G in L'((0,T) x ), we only need that

B'(fn) — B'(f)  weak-x in L=((0,T) x Q).
This is true because
e f, — f almost uniformly in compact sets (as it converges in L!),
e ', being continuous, is uniformly continuous in compact sets,

e so #(f.) — F'(f) almost uniformly in compact sets, which implies
weak-* convergence in L.

O

Remark 2.16. One can define a concept of renormalized solution to the ini-
tial value problem (2) by imposing that (20) must be satisfied in the sense
of distributions on [0,7") x , with the appropriate boundary term which
involves the initial condition. Though we will not prove it here, a renormal-
ized solution to the initial value problem in this sense is always a solution in
the sense of the rest of the definitions, as the condition that f be integrable
is implied if the initial condition is integrable. In this work, when we talk
about solutions of the initial value problem we mean solutions in the sense
of any of definitions 1.10— 1.16, which include o imply the condition that f
be integrable.

2.2 Some properties of renormalized solutions

In this section, f € L*((0,T) x ) will always be a mild solution to (1) (so
it is a solution in the sense of all other definitions, including definition 2.10
of renormalized solutions).

We want to prove that, thanks to the assumed regularity of F', these
solutions satisfy (20) in a stronger sense and for more general 3 than C'®
functions. To be precise, what we want to prove is the following:

Theorem 2.17. Let f be a mild solution to the initial value problem (2)
in the space X = L*(Q)). Then for all piecewise differentiable 8 : R — R
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such that B'(f)F € L*'((0,T) x Q) and B(f°) € L'(Q) it happens that 3(f) :
(0,T) — LY(Q) is continuous in the norm topology and

BUf(t) = B(f°) +/0 B(f(s))F(s)ds  forallt € (0,T).  (22)

(This is, B(f) is a mild solution of the initial value problem Lg = B'(f)F,
g(0) = B(f°); note that this is stronger than (20)). As a consequence, for all
Y € L™(Q), we have that [, B(f)¢ du(x) is absolutely continuous on [0,T)
and

G |8 dn) = [ BHFYdua),

As the concept of being “piecewise” something might differ slightly from
place to place, we state ours here:

Definition 2.18. Take an interval / C R. A function h : I — R is said to be

piecewise continuous if there is a finite set of points 1 < x9 < --- < axy €1
such that
e h is continuous on I \ {xy,...,xn},

e both lim,  _+A(z) and lim, - h(z) exist and are finite for every i €
1 N 1 1

goee ey 3

e and A has a finite limit at any endpoint of I which belongs to I.

Note that the value of h at the x; or at the endpoints of the intervals
plays no role in the definition, so it makes sense to speak about piecewise
continuous functions which are defined on all of I except for a finite number
of points.

A function h : I — R is piecewise C! if it is continuous at every point,
differentiable at all but a finite number of points, and A’ is piecewise contin-
uous.

To prove the above theorem we will need to take several steps. First, let
us prove that (20) holds, in the sense of distributions, for a function [ which
is piecewise C!, bounded and with a bounded derivative. Clearly it is enough
to prove it when (3’ has only one point of discontinuity.

The first problem is to define what the product 5'(f)F means: there is
a problem because there can be a point a where 3'(a) is not defined, and it
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might happen that f(¢t,z) = a for all (t,z). We will see that, even if this
happens, the product §'(f)F is always well defined; in our example, observe
that F' would be zero almost everywhere and thus there is no problem in
defining the product. This is a version of Sard’s theorem: if f is constant
on a set so big that it is a problem to define 3'(f) there, then F' is almost
everywhere zero on that set and there is no problem with the definition of
the product.

So take any 3 : R — R which is piecewise C!, is bounded and has a
bounded derivative which only has one point of discontinuity a € R (where
' is undefined). Approximate 3 by functions 3, € C* so that

e 3, — [ uniformly,
e (3(s) — ['(s) for any s # a,
e (3 (a) — w for some w € R.

Note that we can find such an approximation for any w we like. This means
that 3/, — v pointwise, where

(s) = {ﬁ'(s) for s # a

w for s=a

For f3,,, we know that (20) holds: for any ¢ € C2°((0,7) x ),

T T
[ [ s onastsn) duta)ds = [ [ 57 o)l ppls. ) dute) ds.
0 Q 0 Q
Thanks to the convergence of 3, we can pass to the limit and say that

- / / B(F (5. 2))Ohp(s, ) du(x) ds = / / A(f (8, 2))F (s, 2)p(s, 7) dpu(z) ds.
0 Q 0 Q (2?))

But we can obtain the same with a different value of w. As this only affects
the right hand side, we deduce that its value is independent of w, and thus

/OT/Qsza(S,:c)F(s,x)gp(&x) dyu() ds = 0.

(Here, x s—, represents the characteristic function of the set {(s,z) € (0,T") x
Q| f(s,z) =a}). As ¢ is arbitrary, this means that

X =o' is zero almost everywhere. (24)
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As we can change our (3, the latter affirmation must be true for any a € R.
This enables us to state the following:

Lemma 2.19. Let 3 : R — R be a piecewise C' function which is bounded
and has a bounded derivative. Then the product 3'(f)F is defined almost
everywhere on (0,T) x Q and is an integrable function which is independent
of the values of 3’ at its points of discontinuity.

With this, we can substitute v in (23) by #'(f) (as we know the resulting
product does not depend on the value w at the point of discontinuity) and
obtain the following:

Proposition 2.20. Let 3 : R — R be a piecewise C' function which is
bounded and has a bounded derivative. Then

ap(f)=p'(NHF inD'((0,T) x Q). (25)

In fact, the above holds in a stronger sense:

B0 =50+ [ H(F(s)F(s)ds  for allt € (0,T).

Proof. It only remains to prove that the stronger version holds. As §'(f)F
is locally integrable, we already know that [(f) is a weak solution to the
initial value problem 4g = §'(t)F(t) (see remark 2.9); as all our definitions
are equivalent, it is also a mild solution to this initial value problem, which
proves the result. O

Proof of theorem 2.17. We have to prove that the previous proposition is still
true when 3 : R — R is a piecewise C' function such that both 3(f°) and
B'(f)F are integrable (in Q and (0,7") x €, respectively; remember that we
always use the measure p on 2).

If 3 is such a function, we can approximate it by functions [, which are
piecewise C! and of compact support such that

o |Bal <16,

e (3, is equal to # on [—n,n],

e |B|<1onR\[-n,n]
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We know that the proposition holds for f3,,:

ﬁn(f(t))Zﬁn(fOH/oﬁ;(f(S))F(S)dS for all t € (0,7).  (26)

By the monotone convergence theorem (as 3(f°) is integrable), the first term
in the right hand side converges to 5(f°) in L'(Q). Let us see that the second
term also converges in L'(Q): for an integer n, consider the set

E, = {(t,z) € (0,T) x Q| |f(t,z)| > n}.

The dt ® p-measure of the set F,, tends to 0 as n — oo, as f is integrable on
(0, T) x Q. Also, we have that

A[]mww»—aumnwwn@mu= B(f() — B (FENF(s)] dsdu
/“|ﬁ DI IE(s \dsdu+3/ 1B/(/())] |F(s)] ds dp
|PT5)|deM+l/; B(F())] |F(s)] ds dp.

En

The previous expression tends to 0 as n — co. Hence,

/Oﬁ;(f(S))F(S)dSH/O B'(f(s))F(s)ds in L}(Q).

Then, we deduce that the left hand side of (26) converges in L'(2) as n — oo;
as it converges pointwise a.e., we know it converges in L'(Q) to B(f(t)).
Passing to the limit in (26) we finally obtain that

ﬁWWzMﬂ+AEU@W@M for all £ € (0,7).

This finishes the proof. Note that the second part of theorem 2.17 follows
from the first one, as we have proved that [(f) is a mild solution to the
equation % g = B'(f)F, and hence also a solution in the sense of moments. [
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3 About this text

This document has been written by José Alfredo Canizo, based on notes by
Stéphane Mischler. For comments or suggestions write to ozarfreo@yahoo . com.
The latest version should be at http://www.ugr.es/ ozarfreo/tex .

You can use this work under the terms of the Creative Commons license
which can be found at

http://creativecommons.org/licenses/by-nc-sa/1.0/.
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